
 

Numerical evolution of shocks in the interior of Kerr black holes
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We numerically solve Einstein’s equations coupled to a scalar field in the interior of Kerr black holes. We
find shock waves form near the inner horizon. The shocks grow exponentially in amplitude and need not be
axisymmetric. Observers who pass through the shocks experience exponentially large tidal forces and are
accelerated exponentially close to the speed of light.

DOI: 10.1103/PhysRevD.99.084033

I. INTRODUCTION

The no-hair theorem postulates that the exterior geom-
etry of black holes is completely described by the black
hole’s mass, charge and angular momentum via the Kerr-
Newman metric. The origin of this lies in the fact that
perturbations near the event horizon can either be absorbed
by the event horizon or radiated to infinity, allowing the
near horizon geometry to relax. In fact the no-hair theorem
should also hold just inside the event horizon as well, since
just inside the event horizon of the Kerr-Newman metric, all
light rays propagate deeper into the interior. However,
inside the inner horizon of the Kerr-Newman geometry,
light rays need not propagate deeper into the interior,
meaning there is no mechanism for perturbations to relax
and the no-hair theorem does not apply there.
The interior geometry of black holes has been most

widely studied for Reissner-Nordström black holes [1–15].
This is due to the fact that one can impose spherical
symmetry, greatly simplifying calculations. One striking
result is the presence of gravitational shock waves [13,15],
which form along the outgoing branch of the inner horizon
[16]. The formation mechanism of the shocks lies in the
fact that from the perspective of infalling observers, out-
going radiation in the black hole is blueshifted by a factor
of eκv, with v being advanced time and κ the surface gravity
of the inner horizon, and localized to a ball whose surface
approaches the inner horizon radius as v → ∞. This means

that upon passing through the inner horizon radius—the
location of the shock—infalling observers will measure a
Riemann tensor of order e2κv and therefore experience
exponentially large gravitational and tidal forces. The
gravitational kick imparted by the shock results in infalling
observers being exponentially accelerated inwards towards
the central singularity. For a solar mass black hole, the
proper time interval between passing through the shock and
approaching the singularity becomes Planckian millisec-
onds after the black hole forms. Hence infalling observers
encounter a curvature brick wall at the shock, where the
curvature increases from its approximate Reissner-
Nordström value to arbitrarily large values (which depend
on their precise trajectory near the singularity) over
Planckian proper times.
For Kerr black holes (or more generally Kerr-Newman

black holes), infalling observers will also see outgoing
radiation in the black hole blueshifted by eκv. Hence, it is
natural to expect gravitational shocks to form in the interior
of rotating black holes [15]. In the present work we study
the evolution of shocks in Kerr black holes by numerically
solving Einstein’s equations coupled to a scalar field. We
study both axisymmetric and nonaxisymmetric solutions.
Like Reissner-Nordström black holes, we find shocks form
near the outgoing leg of the inner horizon. In addition to
solving Einstein’s equations numerically, we also solve
them analytically with a derivative expansion in the vicinity
of the shocks and find excellent agreement with the
numerics. Like Reissner-Nordström black holes, we
find that shocks in Kerr black holes dramatically affect
infalling geodesics passing through them. In particular,
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infalling timelike observers passing through the shocks are
accelerated exponentially close to the speed of light and
experience exponentially large tidal forces.

II. SETUP

We numerically solve Einstein’s equations coupled to a
massless real scalar field Ψ. The equations of motion read

Rμν −
1

2
Rgμν ¼ 8πTμν; ð1Þ

and

D2Ψ ¼ 0; ð2Þ

where Dμ is the covariant derivative operator and

Tμν ¼ DμΨDνΨ −
1

2
gμνðDΨÞ2; ð3Þ

is the scalar stress tensor.
Our numerical evolution scheme is detailed in Ref. [17].

Here we outline the salient details. We employ a character-
istic evolution scheme where the metric takes the form

ds2 ¼ −2Adv2 þ 2dvdλ

þ r2habðdxa − FadvÞðdxb − FbdvÞ; ð4Þ

with xa ¼ fθ;φg where θ is the polar angle and φ is the
azimuthal angle. The two-dimensional angular metric hab
satisfies det hab ¼ sin2 θ, meaning the function r is an areal
coordinate. Lines of constant time v and angles θ;φ are
radial null infalling geodesics. The radial coordinate λ is an
affine parameter for these geodesics. Correspondingly, the
metric (4) is invariant under the residual diffeomorphism

λ → λþ ξðv; θ;φÞ; ð5Þ

where ξ is arbitrary. We fix ξ such that the inner horizon of
the stationary Kerr geometry is located at

λ ¼ λ− ¼ 1: ð6Þ

Requisite initial data at v ¼ 0 consists of the scalar field
Ψ and the angular metric hab. The remaining components
of the metric are determined by initial value constraint
equations [17]. Perhaps the most natural initial data is that
where a rotating black hole is formed dynamically via
gravitational collapse. Another option would be to start
with Kerr initial data and allow infalling radiation to perturb
the geometry inside the event horizon at λ ¼ λþ. A third
option is to start with Kerr initial data and add a perturba-
tion inside the event horizon. To study the evolution of
shocks, it is sufficient to consider the last option, as this
offers several computational advantages. First, limiting

perturbations to the interior of the black hole means that
one can restrict the computational domain to the interior of
the black hole. Second, since no energy or angular
momentum can be radiated to infinity, the mass and spin
of the black hole remain constant. Because the geometry
outside the inner horizon should be stable, this means that
at late times the position of the inner horizon must approach
that of the unperturbed Kerr geometry at λ ¼ 1. In our
coordinate system this ultimately means that at late times
one must have A → 0 at λ ¼ 1. Having the inner horizon
approach constant λ is useful, since shocks are expected to
form there.
We employ the Kerr metric for initial hab. For initial

scalar data we choose

Ψ¼ 1

50
e−ðλ−λ0Þ2=2σ2f1þζRe½y10ðθ;φÞþy11ðθ;φÞ�g; ð7Þ

where ylm are spherical harmonics and ζ is a parameter
controlling the degree of nonaxisymmetry in the initial
data. We choose λ0 and σ such that Ψ is localized between
λ ¼ 1 and λ ¼ λþ and exponentially small at our outer
computational boundary. We fix the Kerr mass parameter
M ¼ 1 and spin a ¼ 0.9, 0.95 and 0.99 and evolve until
vmax ¼ 9=κ where κ is the surface gravity of the inner
horizon of the unperturbed Kerr black hole. For a ¼ 0.9,
0.95 we set ðλ0; σÞ ¼ ð1.05; 1=150Þ while for a ¼ 0.99 we
set ðλ0; σÞ ¼ ð1.01; 1=500Þ. For axisymmetric initial data
we set ζ ¼ 0 and for nonaxisymmetric initial data we
set ζ ¼ 1=4.
We employ a time-dependent radial computational

domain λminðvÞ ≤ λ ≤ λmaxðvÞ. λminðvÞ and λmaxðvÞ will
be surfaces which at late times asymptote to λ ¼ 1 from
below and above respectively. See Fig. 1 for a Penrose
diagram illustrating our computational domain. We choose

dλmax

dv
¼ min

θ;φ
A
���
λ¼λmax

;
dλmin

dv
¼ max

θ;φ
A
���
λ¼λmin

: ð8Þ

These choices mean that the surfaces λminðvÞ and λmaxðvÞ
are either spacelike or null. This in turn means that no
information can propagate from inside λmin through λmin.
At λmax, where the scalar field is exponentially small, we
impose the boundary condition that the geometry is that of
Kerr. This is allowed since no signal from inside λmax can
ever reach λmax.
Our discretization scheme is nearly identical to that in

Ref. [18]. To discretize the equations of motion we make a
linear change of coordinates from λ to z ∈ ð−1; 1Þ via

λ ¼ aðvÞzþ bðvÞ; ð9Þ

where

aðvÞ ¼ 1

2
ðλmaxðvÞ − λminðvÞÞ; ð10aÞ
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bðvÞ ¼ 1

2
ðλmaxðvÞ þ λminðvÞÞ: ð10bÞ

Following Ref. [17], we expand the z dependence of all
functions in a pseudospectral basis of Chebyshev poly-
nomials. We employ domain decomposition in the z
direction with 30 equally spaced domains, each containing
eight points.
For the ðθ;φÞ dependence we employ a basis of

scalar, vector and tensor harmonics. These are eigenfunc-
tions of the covariant Laplacian −∇2 on the unit sphere.
The scalar eigenfunctions are just spherical harmonics ylm.
There are two vector harmonics, Vslm

a with s ¼ 1, 2, and
three symmetric tensor harmonics, T slm

ab , s ¼ 1, 2, 3.
Explicit representations of these functions are easily found
and read [19]

V1lm
a ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þp ∇aylm; ð11aÞ

V2lm
a ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þp ϵa
b∇bylm; ð11bÞ

T 1lm
ab ¼ Habffiffiffi

2
p ylm; ð11cÞ

T 2lm
ab ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ1Þðlðlþ1Þ=2−1Þp ϵðac∇bÞ∇cylm; ð11dÞ

T 3lm
ab ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þðlðlþ 1Þ=2 − 1Þp

×

�
∇a∇b þ

lðlþ 1Þ
2

Hab

�
ylm; ð11eÞ

where ϵa
b has nonzero components ϵθ

φ ¼ csc θ and
ϵφ

θ ¼ − sin θ, and Hab ¼ diagð1; sin2 θÞ is the metric on
the unit sphere. The scalar, vector and tensor harmonics are
orthonormal and complete.
We expand the metric and scalar field as follows:

g00ðv; z; θ;φÞ ¼
X
lm

αlmðv; zÞylmðθ;φÞ; ð12aÞ

g0aðv; z; θ;φÞ ¼
X
slm

βslmðv; zÞVslm
a ðθ;φÞ; ð12bÞ

gabðv; z; θ;φÞ ¼
X
slm

γslmðv; zÞT slm
ab ðθ;φÞ; ð12cÞ

Ψðv; z; θ;φÞ ¼
X
lm

χlmðv; zÞylmðθ;φÞ: ð12dÞ

Derivatives with respect to fθ;φg can be taken by
differentiating the scalar, vector and tensor harmonics.
In order to efficiently transform between real space and

mode space, we employ a Gauss-Legendre grid in θ with
lmax þ 1 points. Likewise, we employ a Fourier grid in the
φ direction with 2lmax þ 1 points. These choices allow the
transformation between mode space and real space to be
done with a combination of Gaussian quadrature and fast
Fourier transforms.
We truncate the expansions (12) at maximum angular

momentum lmax ¼ 100. For axisymmetric simulations we
also truncate at azimuthal quantum number mmax ¼ 0. For
nonaxisymmetric simulations we truncate at mmax ¼ 20.

III. RESULTS AND DISCUSSION

We begin by presenting results for axisymmetric simu-
lations. In Fig. 2 we plot the scalar field Ψ as a function of
time v and radial coordinate λ in the equatorial plane for
spin a ¼ 0.9. The inner and outer boundaries of the shaded
region correspond to the curves λminðvÞ and λmaxðvÞ and
reflect our time-dependent computational domain. As time
progresses the scalar wave packet propagates inwards
towards λ ¼ 1, becoming increasingly narrower in the
process while staying roughly constant in magnitude. As
the scalar wave packet approaches λ ¼ 1, the metric at
λ > 1 approaches that of Kerr.
The localization of the scalar wave packet to λ ¼ 1

results in large λ derivatives of the metric at λ ≤ 1. A useful

FIG. 1. A Penrose diagram showing our computational domain,
which is represented by the blue shaded region. Our radial
coordinate λ is the affine parameter for infalling radial geodesics,
two of which are shown as the red dashed lines. The event
horizon is located at λ ¼ λþ. The scalar field Ψ (yellow shaded
region) is localized inside the event horizon between λminðvÞ and
λmaxðvÞ, which are spacelike surfaces which at late times
asymptote to λ ¼ 1, the location of the inner horizon of the Kerr
geometry. The outgoing null surface λ ¼ λ� is employed as a
matching surface in our analytic calculations below.
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metric component to study is the areal coordinate r, which
is related to the volume element via

ffiffiffiffiffiffi−gp ¼ r2 sin θ. In
Fig. 3 we plot r0jλ¼1 in the equatorial plane at several times,
again for spin a ¼ 0.9. Here and below

0 ≡ ∂λ: ð13Þ

The � symbols in the figure denote the maxima of Ψ at the
corresponding times. As is evident from the figure, there is
a dramatic change in r0 near the scalar maxima. In other
words, there is a shock in r0. Exterior to the shock r0 is well
approximated by its Kerr value (the dotted curve). The
change in r0 across the shock grows with time.
In Fig. 4 we plot r0jλ¼1 as a function of v for several

values of θ and for a ¼ 0.9, 0.95 and 0.99. Also included in
each plot is eκv where

κ ¼ 1

2

�
1

M −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p −
1

M

�
; ð14Þ

is the surface gravity of the inner horizon of the corre-
sponding Kerr solution. For a ¼ 0.9, 0.95 and 0.99 we have
κ ≈ 0.386; 0.227 and 0.0821, respectively. Our numerics
are consistent with the scaling r0 ∼ eκv.
We now turn to the curvature. In Fig. 5 we plot the

Kretschmann scalar

K ≡ RμναβRμναβ; ð15Þ

as a function of λ in the equatorial plane at several times for
the same simulations shown in Fig. 2 and 3. The � symbols
denote the locations of the maxima of Ψ at the correspond-
ing times. Exterior to the scalar wave packet, K is well
approximated by its Kerr value. A prominent feature of
Fig. 5 is that K0 grows dramatically with time just inside the
wave packet. In Fig. 6 we plot jK0jjλ¼1 as a function of v at
several values of θ for the same simulations shown in
Fig. 4. Also included in the plots is eκv. Our numerics are
consistent with the scaling jK0jjλ¼1 ∼ eκv. Evidently, λ ¼ 1
becomes a curvature brick wall at late times, with a shock
in K developing there.
The geometry in the vicinity of the shocks can be studied

perturbatively [15]. To account for the rapid λ dependence,
we introduce a bookkeeping parameter ϵ ≪ 1 and assume
the scalings

FIG. 3. r0 in the equatorial plane at several times for a ¼ 0.9.
The �’s denote the locations of the maxima of Ψ at the
corresponding times. A shock in r0 is evident. Outside the shock,
r0 approaches its Kerr value while inside r0 grows with time.

FIG. 2. Evolution of the scalar field Ψ in the equatorial plane
for spin a ¼ 0.9. The inner and outer boundaries of the shaded
region represent λminðvÞ and λmaxðvÞ. As time progresses the
scalar field becomes localized at λ ¼ 1.

FIG. 4. r0jλ¼1 for axisymmetric simulations with spin a ¼ 0.9, 0.95 and 0.99.
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∂λ ∼ 1=ϵ; A ∼ ϵ: ð16Þ

The scaling A ∼ ϵ is necessary to have A0 ¼ Oð1Þ, which
itself is necessary to have a finite surface gravity at λ ¼ 1 as
v → ∞. We then solve the Einstein-scalar system in the
region λ < λ� with λ� ¼ 1þOðϵÞ. A convenient choice of
matching surface λ ¼ λ� is an outgoing null sheet exterior
to the scalar wave packet, as shown in Fig. 1.
On the surface λ ¼ λ� we impose the boundary condition

that the geometry is that of Kerr and that the scalar field
vanishes. At leading order in ϵ we therefore need the inner
horizon values of the Kerr metric. In our coordinate system,
at the inner horizon of Kerr we have

Ajλ¼1 ¼ 0; A0jλ¼1 ¼ −κ; Fajλ¼1 ¼ Ωδaϕ; ð17Þ

where

Ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
þM

2aM
; ð18Þ

is the angular velocity of the inner horizon. It follows that
for the Kerr solution

Dþgμνjλ¼1 ¼ 0; ð19Þ

where

Dþ ≡ ∂v þ A∂λ þ Fa∂a; ð20Þ

is the directional derivative along outgoing null geodesics.
At leading order in ϵ the ðμ; νÞ ¼ ðv; aÞ component of

the Einstein equations (1) reduces to

F0a ¼ 0: ð21Þ
The boundary conditions (17) therefore imply

Fa ¼ Ωδaϕ: ð22Þ

With the solution (22), at leading order in ϵ the ðμ; νÞ ¼
ðv; λÞ and ða; bÞ components of Einstein’s equations reduce
to [20]

0 ¼ ðrDþrÞ0; ð23aÞ

0 ¼
�
δcaδ

d
b −

1

2
hcdhab

�
ðrDþhcdÞ0 þDþrh0ab; ð23bÞ

0 ¼ A00 þ 1

4
habh0bch

cdDþhda −
2r0Dþr

r
þ 8πΨ0DþΨ;

ð23cÞ

where hab is the inverse of hab. Likewise, at leading order
in ϵ the scalar equation of motion (2) reduces to

ðrDþΨÞ ¼ −Ψ0Dþr: ð24Þ
Equations (23a), (23b) and (24) are just radial wave

equations for r, hab and Ψ. Imposing the boundary
condition that the geometry exterior to the shell is that
of Kerr is tantamount to imposing the boundary condition

FIG. 5. The Kretschmann scalar K in the equatorial plane at
several times for an axisymmetric simulation with a ¼ 0.9. The
�’s denote the locations of the maxima of the scalar wave packet
at the corresponding times. Exterior to the wave packet K is well
described by its Kerr value. At λ ¼ 1 K is nearly constant but K0
grows with time.

FIG. 6. jK0jjλ¼1 evaluated at several polar angles for axisymmetric simulations with spin a ¼ 0.9, 0.95 and 0.99.
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that there is no infalling radiation through the shell, which
is what Eq. (19) states. With the boundary condition (19),
Eqs. (23a), (23b) and (24) have the solutions

Dþr ¼ 0; DþΨ ¼ 0; Dþhab ¼ 0: ð25Þ

These first-order wave equations state that excitations in r,
Ψ and hab are transported along outgoing null geodesics
tangent to Dþ. Substituting Eq. (25) into Eq. (23c) and
employing the boundary conditions (17), we secure

A ¼ −κλ: ð26Þ

With the solutions (26) and (22) and the definition ofDþ
in Eq. (20), the first-order system (25) is solved by

rðv; λ; θ;φÞ ¼ ρðeκvðλ − 1Þ; θ;φ −ΩvÞ; ð27aÞ

Ψðv; λ; θ;φÞ ¼ ψðeκvðλ − 1Þ; θ;φ −ΩvÞ; ð27bÞ

habðv; λ; θ;φÞ ¼ Habðeκvðλ − 1Þ; θ;φ − ΩvÞ; ð27cÞ

where ρ, ψ and Hab are arbitrary functions. Note that
curves with eκvðλ − 1Þ, θ, and φ −Ωv all constant are
simply outgoing null geodesics near λ ¼ 1. These geo-
desics spiral in towards λ ¼ 1 at angular frequency Ω,
which is due to frame dragging, and eventually terminate at
λ ¼ 1 as v → ∞. The value of the fields on these geodesics
is constant. Since the λ dependence comes in the combi-
nation eκvðλ − 1Þ, it follows that e−κv plays the role of our
bookkeeping parameter ϵ.
The above analysis implies that as v → ∞, the scalar

wave packet must approach λ ¼ 1, as seen in Fig. 2.
Moreover, it immediately follows from Eq. (27) that the
individual components of the Riemann tensor scale like

Rμναβ ∼ e2κv: ð28Þ

Indeed, in Fig. 7 we plot the component Rvλvλjλ¼1 in the
equatorial plane for an axisymmetric simulation with spin
a ¼ 0.9 and verify this scaling. The exponential growth in
Eq. (28) reflects the fact that outgoing radiation is blue-
shifted by a factor of eκv, becoming exponentially localized
in λ in the process. However, owing to the fact that all
excitations in Eq. (27) are purely outgoing, the curvature
scalar K cannot blow up exponentially, meaning all
exponential factors in Eq. (15) cancel. Why must this
happen? Since by construction there is no infalling radi-
ation present, one can simply boost to the frame where the
outgoing radiation is not blueshifted and the components
Rμναβ and Kretschmann scalar are finite as v → ∞. Simply
put, with only outgoing radiation present, the Kretschmann
scalar—and in fact all other scalars—can only depend on
fv; λ;φg through the combinations eκvðλ − 1Þ and φ −Ωv.
It therefore follows that K is finite on the shocks and that

r0jλ¼1¼ eκvHðθ;φ−ΩvÞ; K0jλ¼1¼ eκvQðθ;φ−ΩvÞ;
ð29Þ

for some functions H and Q. The scaling relations (29)
match those shown in Figs. 4 and 5 for our axisymmetric
simulations.
The scaling relations (29) also demonstrate that rotation

invariance in φ can be broken: a small nonaxisymmetric
perturbation in initial data results in violations of axisym-
metry in r0 and K0 which are exponentially amplified. To
demonstrate this, in Fig. 8 we plot K0jλ¼1 at θ ¼ π=2 as a
function of time for a nonaxisymmetric simulation with
a ¼ 0.95. The left figure is evaluated at φ ¼ 0 while the
right figure is evaluated at φ ¼ Ωv. At φ ¼ 0we see thatK0
grows exponentially with sinusoidal oscillations super-
imposed. In the rotating frame, where φ ¼ Ωv, the sinus-
oidal oscillations are not present, just as Eq. (29) requires.
Evidently, the curvature brick wall at λ ¼ 1 retains the
angular structure contained in the initial data. Oscillating
features of the curvature were also reported in Ref. [21].
Let us now turn to analyzing the effect of the shocks on

infalling geodesics. Consider first radial infalling null

FIG. 7. The Riemann tensor component Rvλvλjλ¼1 in the
equatorial plane for an axisymmetric simulation with spin
a ¼ 0.9. The Riemann tensor diverges like e2κv.

FIG. 8. jK0jjλ¼1 in the equatorial plane for a nonaxisymmetric
simulation with spin a ¼ 0.95. The left plot is evaluated at φ ¼ 0
whereas the right plot is evaluated at φ ¼ Ωv.
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geodesics with v ¼ const. The null energy condition
implies that r00=r < 0. This means that r0 can only increase
as λ decreases. Since just inside the shock r0 ∼ eκv, it
follows that the affine distance Δλ from the shock to the
point r ¼ 0 is

Δλ ∼ e−κv: ð30Þ

This reflects the fact that the shock focuses infalling
light rays to r ¼ 0, which can also be seen from
Raychaudhuri’s equation. Turning now to infalling timelike
geodesics, the scaling (28) means that infalling timelike
observers crossing the shocks will experience tidal forces
of order e2κv. In particular, upon crossing the shocks the
areal velocity will be

dr
dτ

∼ −eκv: ð31Þ

What then is the fate of an observer who jumps into the
black hole at late times? For large enough black holes,
observers need not experience any ill effects until they pass
through the shocks. They will measure the local geometry
to be that of Kerr, with arbitrarily small tidal forces. Upon
encountering the shocks though, they will be torn apart by
tidal forces and their subsequent debris will be accelerated
nearly to the speed of light towards the black hole interior.

In the present paper we only considered perturbations
in the interior of black holes and did not allow infalling
radiation. Exterior perturbations of black holes in
asymptotically flat spacetime result in infalling radiation
which decays with a power law in v in accord with
Price’s law [22]. For Reissner-Nordström black holes,
infalling radiation results in a weak null curvature
singularity developing on the ingoing leg of the inner
horizon (v ¼ ∞ in Fig. 1) [5,6]. A similar effect should
happen for Kerr black holes. With infalling radiation,
the exponential factors in Eq. (28) cannot be amelio-
rated via a boost, for a boost which compensates the eκv

blueshift of outgoing radiation will inevitably result in
the infalling radiation being blueshifted by a factor
of eκv. With infalling radiation present, it is therefore
reasonable to expect that K will blow up like e2κv. We
leave the inclusion of infalling radiation for future
studies.
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