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INTRODUCTION.

IT is to be hoped that, as a consequence of theepteactive scrutiny of our
educational aims and methods, and of the resuéimgpuragement of the study of
modern languages, we shall not remain, as a na®much isolated from ideas and
tendencies in continental thought and literaturev@shave been in the past. As things
are, however, the translation of this book is dmdgst required; at any rate, it brings
vividly before us an instructive point of view. Tigh Some of M. Poincars
chapters have been collected from well-known tseatwritten several years ago, and
indeed are sometimes in detail not quite up to,dagsides occasionally suggesting
the suspicion that his views may possibly have beedified in the interval, yet their
publication in a compact form has excited a warrfcam@e in this country.

It trust be confessed that the English language

(xii) hardly lends itself as a perfect medium foe rendering of the delicate shades of
suggestion and allusion characteristic of M. Paintsa play around his subject;
notwithstanding the excellence of the translatioss in this respect is inevitable.

There has been of late a growing trend of opinjmmmpted in part by general
philosophical views, in the direction that the tretwal constructions of physical
science are largely factitious, that instead osen¢ing a valid image of the relations
of things on which further progress can be badeely &re still little better than a
mirage. The best method of abating this sceptiesto become acquainted with the
real scope and modes of application of conceptidnish, in the popular language of
superficial exposition —and even in the unguarded alayful paradox of their
authors, intended only for the instructed eye —emfbok bizarre enough. But much
advantage will accrue if men of science become th&n epistemologists, and show
to the world by critical exposition in non-techriterms of the results and methods of
their constructive work, that more than mere irdtis involved in it: the community
has indeed a right to expect as muckhés

(xiii)

It would be hard to find any one better qualified this kind of exposition, either
from the profundity of his own mathematical achieests, or from the extent and
freshness of his interest in the theories of playsscience, than the author of this
book. If an appreciation might be ventured on @surés the later chapters, they are,
perhaps, intended to present the stern logicalyahajuizzing the cultivator of
physical ideas as to what he is driving at, andtlvenihe expects to go, rather than
any responsible attempt towards a settled confessio faith. Thus, when M.
Poincar] allows himself for a moment to indulge in a prace$ evaporation of the
Principle of Energy, he is content to sum up: "ld#m, quelles que soient les notions
nouvelles que les expiences futures nous donneront sur le monde, noosnes



slrs d'avance qu'il y aura quelque chose qui demewa@rstant et que nous pourrons
appelertinergie" (p. 166)and to leave the matter there for his readersiid ih out.
Though hardly necessary in the original Frencimdy not now be superfluous to
point out that independent reflection and criticiemthe part of the reader are tacitly
implied here as elsewhere.

An interesting passage is the one devoted to

(xiv) Maxwell's theory of the functions of the aethand the comparison of the close-
knit theories of the classical French mathematmaysicists with the somewhat
loosely-connected corpus of ideas by which Maxwib#, interpreter and successor of
Faraday, has (posthumously) recast the whole fagehysical science. How many
times has that theory been re-written since Maxsvelhy ? and yet how little has it
been altered in essence, except by further deveotarmin the problem of moving
bodies, from the form in which he left it! If, as.NPoincar! remarks, the French
instinct for precision and lucid demonstration simes finds itself ill at ease with
physical theories of the British school, he as itgadimits (pp. 223, 224), and indeed
fully appreciates, the advantages on the other €lde own mental philosophers have
been shocked at the point of view indicated bygteposition hazarded by Laplace,
that a sufficiently developed intelligence, if itee made acquainted with the
positions and motions of the atoms at any instami|d predict all future history: no
amount of demur suffices sometimes to persuade thamthis is not a conception
universally entertained in physical science. It was$ so even in Laplace's own day.
From the point of view of the study of the evoluatio

(xv) of the sciences, there are few episodes mosgructive than the collision
between Laplace and Young with regard to the thebmapillarity. The precise and
intricate  mathematical analysis of Laplace, stgrtitom fixed preconceptions
regarding atomic forces which were to remain intadlctoughout the logical
development of the argument, came into contrast thi¢ tentative, mobile intuitions
of Young; yet the latter was able to grasp, by shizect mental force, the fruitful
though partial analogies of this recondite classpleénomena with more familiar
operations of nature, and to form a direct pictifréhe way things interacted, such as
could only have been illustrated, quite possiblgndged or obliterated, by premature
effort to translate it into elaborate analyticatmmlas. The apérus of Young were
apparently devoid of all cogency to Laplace; whileung expressed, doubtless in too
extreme a way, his sense of the inanity of theyasfanathematical logic of his rival.
The subsequent history involved the Nemesis thatfalbric of Laplace was taken
down and reconstructed in the next generation bissBo; while the modern
cultivator of the subject turns, at any rate in lang, to neither of those expositions
for illumination, but rather finds in the partial

(xvi) and succinct indications of Young the besirshg-point for further effort.

It seems, however, hard to accept entirely thendisbn suggested (p. 213) between
the methods of cultivating theoretical physicshe two countries. To mention only
two transcendent names which stand at the veryt fodntwo of the greatest
developments of physical science of the last cgnt@arnot and Fresnel, their
procedure was certainly not on the lines thus desdr Possibly it is not devoid of



significance that each of them attained his fifi¢ative recognition from the British
school.

It may, in fact, be maintained that the part playsd mechanical and such like
theories —analogies if you will — is an essentineoThe reader of this book will

appreciate that the human mind has need of manyuiments of comparison and
discovery besides the unrelenting logic of thenitéisimal calculus. The dynamical
basis which underlies the objects of our most festjuexperience has now been
systematised into a great calculus of exact thquglimid traces of new real

relationships may come out more vividly when coestd in terms of our familiar

acquaintance with dynamical systems than when flat@ad under the paler shadow
of more analytical abstrac-

(xvii) -tions. It is even possible for a constrwetiphysicist to conduct his mental
operations entirely by dynamical images, thoughnthalltz, as well as our author,
seems to class a predilection in this directioa 8sitish trait. A time arrives when, as
in other subjects, ideas have crystallised out dtinctness; their exact verification
and development then becomes a problem in matheahatiysics. But whether the
mechanical analogies still survive, or new terms aow introduced devoid of all
na_lve mechanical bias, it matters essentially litfllee precise determination of the
relations of things in the rational scheme of natiarwhich we find ourselves is the
fundamental task, and for its fulfilment in anyatition advantage has to be taken of
our knowledge, even when only partial, of new atpemnd types of relationship
which may have become familiar perhaps in quitdediht fields. Nor can it be
forgotten that the most fruitful and fundamentalnoeptions of abstract pure
mathematics itself have often been suggested fn@set mechanical ideas of flux and
force, where the play of intuition is our most pofué guide. The study of the
historical evolution of physical theories is esgdrtb the complete understanding of
their import. Itis in

(xviii) the mental workshop of a Fresnel, a Kelvor, a Helmholtz, that profound
ideas of the deep things of Nature are struck adtassume form; when pondered
over and paraphrased by philosophers we see thaeh @a the conduct of life: it is
the business of criticism to polish them graduédiythe common measure of human
understanding. Oppressed though we are with thesséyg of being specialists, if we
are to know anything thoroughly in these days @uawlated details, we may at any
rate profitably study the historical evolution afdwledge over a field wider than our
own.

The aspect of the subject which has here been dwels that scientific progress,
considered historically, is not a strictly logigatocess, and does not proceed by
syllogisms. New ideas emerge dimly into intuitimmgme into consciousness from
nobody knows where, and become the material onhmfie mind operates, forging
them gradually into consistent doctrine, which banwelded on to existing domains
of knowledge. But this process is never completeruale connection can always be
pointed to by a logician as an indication of th@arfection of human constructions.

If intuition plays a part which is so important,



(xix) it is surely necessary that we should possefasn grasp of its limitations. In M.
Poincarl's earlier chapters the reader can gain very phtigsa vivid idea of the
various and highly complicated ways of docketing perceptions of the relations of
external things, all equally valid, that were openthe human race to develop.
Strange to say, they never tried any of them; aatisfied with the very remarkable
practical fithess of the scheme of geometry andhdyos that came naturally to hand,
did not consciously trouble themselves about thesipbe existence of others until
recently. Still more recently has it been found tha good Bishop Berkeley's logical
jibes against the Newtonian ideas of fluxions amiting ratios cannot be adequately
appeased in the rigorous Mathematical conscienu@,aur apparent continuities are
resolved mentally into discrete aggregates whichowly partially apprehend. The
irresistible impulse to atomize everything thusye®to be not merely a disease of the
physicist; a deeper origin, in the nature of knalgke itself, is suggested.

Everywhere want of absolute, exact adaptation @mdiected, if pains are taken,
between the various constructions that result froom mental activity and the
impressions which give rise to

(xx) them. The bluntness of our unaided sensualgmions, which are the source in
part of the intuitions of the race, is well broughit in this connection by M.
Poincarl. Is there real contradiction? Harmony usually psovo be recovered by
shifting our attitude to the phenomena. All expecie leads us to interpret the totality
of things as a consistent cosmos undergoing ewoluthe naturalists will say—in the
large—scale workings of which we are interestecctggers and explorers, while of
the inner relations and ramifications we only appred dim glimpses. When our
formulation of experience is imperfect or even paracal, we learn to attribute the
fault to our point of view, and to expect that fetiadaptation will put it right. But
Truth resides in a deep well, and we shall nevdrtgethe bottom. Only, while
deriving enjoyment and insight from M. Poincé Socratic exposition of the
limitations of the human outlook on the universs,Us beware of counting limitation
as imperfection, and drifting into an inadequatecaption of the wonderful fabric of
human knowledge.

J. LARMOR.



AUTHOR'S PREFACE

To the superficial observer scientific truth is ssailable, the logic of science is
infallible; and if scientific men sometimes makestakes, it is because they have not
understood the rules of the game. Mathematicahdratre derived from a few self-
evident propositions, by a chain of flawless reasgs) they are imposed not only on
us, but on Nature itself. By them the Creator ttefed, as it were, and His choice is
limited to a relatively small number of solutios.few experiments, therefore, will
be sufficient to enable us to determine what chdit®e has made. From each
experiment a number of consequences will follow &yseries of mathematical
deductions, and in this way each of them will réweaus a corner of the universe.
This, to the minds of most people, and to studess are getting their first ideas of
physics, is the origin of certainty in science.slisi what they take to be thele of

(xxii) experiment and mathematics. And thus, téayas understood a hundred years
ago by many men of science who dreamed of constgutihe world with the aid of
the smallest possible amount of material borrowenhfexperiment.

But upon more mature reflection the position heyjdhlypothesis was seen; it was
recognised that it is as necessary to the expeteners it is to the mathematician.
And then the doubt arose if all these constructamesbuilt on solid foundations. The
conclusion was drawn that a breath would bring therthe ground. This sceptical
attitude does not escape the charge of superficidlo doubt everything or to believe
everything are two equally convenient solutionghbdispense with the necessity of
reflection.

Instead of a summary condemnation we should exawmiithethe utmost care théelte

of hypothesis; we shall then recognise not only thes necessary, but that in most
cases it is legitimate. Vie shall also see thatetlage several kinds of hypotheses; that
some are verifiable, and when once confirmed byeerpent become truths of great
fertility; that others may be useful to us in figiour ideas; and finally, that others are
hypotheses only in appearance, and reduce to tiefisi or to conventions in
disguise. The

(xxiii) latter are to be met with especially in atnatics and in the sciences to which
it is applied. From them, indeed, the sciencesvddtieir rigour; such conventions are
the result of the unrestricted activity of the mimdhich in this domain recognises no
obstacle. For here the mind may affirm becausayd down its own laws; but let us
clearly understand that while these laws are imgh@seour science, which otherwise
could not exist, they are not imposed on Nature they then arbitrary ? No; for if
they were, they would not be fertile. Experiencavks us our freedom of choice, but
it guides us by helping us to discern the most earent path to follow. Our laws are
therefore like those of an absolute monarch, wheise and consults his council of
state. Some people have been struck by this clesistat of free convention which
may be recognised in certain fundamental principfate sciences. Some have set no
limits to their generalisations, and at the sammetihey have forgotten that there is a
difference between liberty and the purely arbitré&8yg that they are compelled to end
in what is callechominalism;they have asked if theavantis not the dupe of his own



definitions, and if the world he thinks he has disered is not simply the creation of
his own

(xxiv) caprice[1] Under these conditions science would retain itsaggty, but would
not attain its object, and would become powerlBigsv, we daily see what science is
doing for us. This could not be unless it taughsoamething about reality; the aim of
science is not things themselves, as the dogmatisiteir simplicity imagine, but the
relations between things; outside those relatibaeetis no reality knowable.

Such is the conclusion to which we are led; buetch that conclusion we must pass
in review the series of sciences from arithmetid geometry to mechanics and
experimental physics. What is the nature of mathigadareasoning ? Is it really
deductive, as is commonly supposed ? Careful asadyows us that it is nothing of
the kind; that it participates to some extent ie tiature of inductive reasoning, and
for that reason it is fruitful. But none the lessed it retain its character of absolute
rigour ; and this is what must first be shown.

When we know more of this instrument which is pthde the hands of the
investigator by mathematics, we have then to apadymther fundamental idea, that
of mathematical magni-

(xxv) -tude. Do we find it in nature, or have werselves introduced it? And if the
latter be the case, are we not running a risk ofiing to incorrect conclusions all
round? Comparing the rough data of our senses thih extremely complex and
subtle conception which mathematicians call magefuwe are compelled to
recognise a divergence. The framework into whichwigh to make everything fit is
one of our own construction; but we did not cordtitiat random, we constructed it
by measurement so to speak; and that is why wefitdhe facts into it without
altering their essential qualities.

Space is another framework which we impose on tbddwWhence are the first

principles of geometry derived? Are they imposedisiby logic? Lobatschewsky, by
inventing non-Euclidean geometries, has shown thiat is not the case. Is space
revealed to us by our senses? No; for the spacealexy to us by our senses is
absolutely different from the space of geometrygdemetry derived from experience
? Careful discussion will give the answer — no! \Werefore conclude that the
principles of geometry are only conventions; bsth conventions are not arbitrary,
and if transported into another world (which | $kealll the non-Euclidean world, and

which | shall

(xxvi) endeavour to describe), we shall find owssl compelled to adopt more of
them.

In mechanics we shall be led to analogous conatssiand we shall see that the
principles of this science, although more diretised on experience, still share the
conventional character of the geometrical postaleé®® far, nominalism triumphs; but
we now come to the physical sciences, properlyafled, and here the scene changes.
We meet with hypotheses of another kind, and wy fydasp how fruitful they are.



No doubt at the outset theories seem unsound, lendhistory of science shows us
how ephemeral they are; but they do not entirelyshe and of each of them some
traces still remain. It is these traces which westmty to discover, because in them
and in them alone is the true reality.

The method of the physical sciences is based upennduction which leads us to
expect the recurrence of a phenomenon when thenegtances which give rise to it
are repeated. If all the circumstances could beulsameously reproduced, this
principle could be fearlessly applied; but this eevhappens; some of the
circumstances will always be missing. Are we ab®sbyucertain that they are
unimportant ? Evidently not! It may be probablet ibeannot be rigorously

(xxvii) certain. Hence the importance of thele that is played in the physical

sciences by the law of probability. The calculuspobbabilities is therefore not

merely a recreation, or a guide to the baccaragyeplaand we must thoroughly

examine the principles on which it is based. Irs thonnection | have but very
incomplete results to lay before the reader, fervhgue instinct which enables us to
determine probability almost defies analysis. Aftestudy of the conditions under
which the work of the physicist is carried on, Maahought it best to show him at
work. For this purpose | have taken instances ftbm history of optics and of

electricity. We shall thus see how the ideas ofkket and Maxwell took their rise,

and what unconscious hypotheses were made by Zenpnd the other founders of
electro-dynamics.

Endnotes

1. Cf. M. le Roy: "Science et Philosophie,” Revue de tsphysique et de
Morale, 1901.
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Part1| Number and Magnitude

Science and Hypothesis
Chapter 1: On the Nature of Mathematical Reasoning

On the Nature of Mathematical Reasoning

THE very possibility of mathematical science seamsnsoluble contradiction. If this
science is only deductive in appearance, from whesderived that perfect rigour
which is challenged by none? If, on the contrary,tlae propositions which it

enunciates may be derived in order by the rulesoahal logic, how is it that

mathematics is not reduced to a gigantic tautologg@ syllogism can teach us
nothing essentially new, and if everything musirgpfrom the principle of identity,

then everything should be capable of being redticdtat principle. Are we then to
admit that the enunciations of all the theorems

(2) with which so many volumes are filled, are omglirect ways of saying that A is
A?

No doubt we may refer back to axioms which ardatsource of all these reasonings.
If it is felt that they cannot be reduced to thag@ple of contradiction, if we decline
to see in them any more than experimental factschwiiave no part or lot in
mathematical necessity, there is still one resolefieto us: we may class them
among(] priori synthetic views. But this is no solution of théfidulty — it is merely
giving it a name; and even if the nature of thetlsgtic views had no longer for us
any mystery, the contradiction would not have diesped; it would have only been
shirked. Syllogistic reasoning remains incapableading anything to the data that
are given it; the data are reduced to axioms, &atl is all we should find in the
conclusions.

No theorem can be new unless a new axiom intervenesdemonstration; reasoning
can only give us immediately evident truths borrdviem direct intuition; it would
only be an intermediary parasite. Should we notefioee have reason for asking if
the syllogistic apparatus serves only to disguikatwe have borrowed?

The contradiction will strike us the more if we apany book on mathematics; on
every page the author announces his intention okergdising some proposition

already known. Does the mathematical method prodemd the particular to the
general, and, if so, how can it be called deduive

®3)

10
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Finally, if the science of number were merely ated, or could be analytically
derived from a few synthetic intuitions, it seerhatta sufficiently powerful mind
could with a single glance perceive all its truthay, one might even hope that some
day a language would be invented simple enouglhfese truths to be made evident
to any person of ordinary intelligence.

Even if these consequences are challenged, it meiggranted that mathematical
reasoning has of itself a kind of creative virtaed is therefore to be distinguished
from the syllogism. The difference must be profouvt shall not, for instance, find
the key to the mystery in the frequent use of thle by which the same uniform
operation applied to two equal numbers will giveritical results. All these modes of
reasoning, whether or not reducible to the syliogiproperly so called, retain the
analytical character, and ipso facto, lose theivgro

The argument is an old one. Let us see how Leilirigd to show that two and two
make four. | assume the number one to be defimatiabso the operation+l, —i.e.,

the adding of unity to a given numberThese definitions, whatever they may be, do
not enter into the subsequent reasoning. | nexheldhe numbers 2, 3, 4 by the
equalities: -

(1) 1+1=2; (2) 2+1=3; (3) 3+1=4, and in

(4) the same way | define the operatiot? by the relation; (4) x+2 = (x+1)+1.

Given this, we have :
2+2=(2+1)+l ; (def. 4).
(2+1)+1=3+I (def. 2).
3+1 = 4 (def. 3).

whence 2+2=4 Q.E.D.

It cannot be denied that this reasoning is purehalhdical. But if we ask a
mathematician, he will reply: "This is not a demiwaton properly so called; it is a
verification." We have confined ourselves to brimgitogether one or other of two
purely conventional definitions, and we have vedftheir identity; nothing new has
been learnedVerification differs from proof precisely because it is analgticand
because it leads to nothing. It leads to nothingabse the conclusion is nothing but
the premisses translated into another language=ah proof, on the other hand, is
fruitful, because the conclusion is in a sense ngaeeral than the premisses. The
equality 2 + 2 = 4 can be verified because it gipalar. Each individual enunciation
in mathematics may be always verified in the sarag.\But if mathematics could be
reduced to a series of such verifications it waudt be a science. A chess-player, for
instance, does not create a science by winningeeepiThere is no science but the
science of the general. It may even be said tleabbject of the exact sciences is to
dispense with these direct verifications.

(5)

11
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Let us now see the geometer at work, and try tprae& some of his methods. The
task is not without difficulty; it is not enough tpen a book at random and to analyse
any proof we may come across. First of all, geoynetust be excluded, or the
guestion becomes complicated by difficult problerefating to the rile of the
postulates, the nature and the origin of the idespace. For analogous reasons we
cannot avail ourselves of the infinitesimal caleulWe must seek mathematical
thought where it has remained pure — i.e., in Anigic. But we still have to choose ;
in the higher parts of the theory of numbers thenpive mathematical ideas have
already undergone so profound an elaboration thhec¢omes difficult to analyse
them.

It is therefore at the beginning of Arithmetic that must expect to find the
explanation we seek; but it happens that it is ipe#¢ in the proofs of the most
elementary theorems that the authors of classmtises have displayed the least
precision and rigour. We may not impute this tanhes a crime; they have obeyed a
necessity. Beginners are not prepared for real enadlical rigour; they would see in
it nothing but empty, tedious subtleties. It wobklwaste of time to try to make them
more exacting; they have to pass rapidly and witstapping over the road

(6) which was trodden slowly by the founders of se&nce.

Why is so long a preparation necessary to habitoagself to this perfect rigour,
which it would seem should naturally be imposedabminds ? This is a logical and
psychological problem which is well worthy of studut we shall not dwell on it ; it
is foreign to our subject. All | wish to insist as that we shall fail in our purpose
unless we reconstruct the proofs of the elemeriteegrems, and give them, not the
rough form in which they are left so as not to wehe beginner, but the Form which
will satisfy the skilled geometer.

DEFINITION OF ADDITION.

| assume that the operation x+ 1 has been defihednsists in adding the number 1
to a given number x. Whatever may be said of tefindion, it does not enter into the
subsequent reasoning.

We now have to define the operation x + a, whichsgsis in adding the number a to
any given number x. Suppose that we have definedoieration x + (a - 1) ; the
operation x + a will be defined by the equality) {a= [x+ (a - 1)]+ 1. We shall
know what x +a is when we know what x + (a - 1)asd as | have assumed that to
start with we know what x + 1 is, we can definecassively and " by recurrence" the
operationx + 2,x + 3, etc. This definition deserves a moment's

(7) attention; it is of a particular nature whicistathguishes it even at this stage from
the purely logical definition; the equality (1), fact, contains an infinite number of
distinct definitions, each having only one meanwigen we know the meaning of its
predecessor.

12
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PROPERTIES OF ADDITION.

Associative— | say thata+(b+c) = (at+b)+c; in fact, the theorem is true for c=1. It
may then be writtera+(b+1)=(a+b)+1; which, remembering the difference of
notation, is nothing but the equality (1) by whidhmave just defined addition. Assume
the theorem true for c=y, | say that it will badrfor c=y+ 1. Le{a+b)+ =a+(b+), it
follows that[(a+b)+] +1= [a+(b+ )] +1; or by def. (1) {a+b) + (+1) =a + (b + +
1)=a + [b+ (+ 1)], which shows by a series of purely analytical d¢idas that the
theorem is true for + 1. Being true for ¢ = 1, we s$hat it is successively true forcs’
=2,c =3, etc.

Commutative.— (1)day that a + 1 = 1 + a. The theorem is evidentlg fora =1 ;
we canverify by purely analytical reasoning that if it is trus &= it will be true for
a=y+ 1. [1] Now, it is true for a =1, and therefore is true #¥2, a=3, and so on.
This is what is meant by saying that the proofamdnstrated " by recurrence."

| say thata + b = b + a The theorem has just

(8) been shown to hold good for= 1, and it may be verified analytically that if it is
true for b=01, it will be true forb=0+ 1. The proposition is thus established by
recurrence.

DEFINITION OF MULTIPLICATION.
We shall define multiplication by the equalitieB:g x 1=a. (2) ax b=[a x (b- 1)] +

a. Both of these include an infinite number of defomiss; having defined a x |, it
enables us to define in succession?, ax 3, and so on.

PROPERTIES OF MULTIPLICATION.
Distributive. — say thatla+b) x ¢ = (ax c¢) + (b x ¢). We can verify analytically that
the theorem is true for c=1; then if it is true fo, it will be true for c= + 1. The

proposition is then proved by recurrence.

Commutative. —1) | say thata x 1= 1 xa. The theorem is obvious fa=1. We can
verify analytically that if it is true for a=, it M/be true for a=+I.

(2) | say that a »b=b x a. The theorem has just been provedbfet. We can verify
analytically that if it be true fdo= it will be true forb=+1.

V.

This monotonous series of reasonings may now deakide; but their very monotony
brings vividly to light the process, which is untio,

(9) and is met again at every step. The procepeoisf by recurrence. We first show
that a theorem is true fore 1 ; we then show that if it is true for 1 it is true for it,
and we conclude that it is true for all integerse Wave now seen how it may be used

13
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for the proof of the rules of addition and multgaltion — that is to say, for the rules
of the algebraical calculus. This calculus is astriiment of transformation which
lends, itself to many more different combinatiohart the simple syllogism; but it is
still a purely analytical instrument, and is inchlgaof teaching us anything new. If
mathematics had no other instrument, it would imiaiety be arrested in its
development; but it has recourse anew to, the ganomeess —i.e., to reasoning by

recurrence, and it can continue its forward maidten if we look carefully, we find

this mode of reasoning at every step, either utiedeesimple form which we have just
given to it, or under a more or less modified forinis therefore mathematical
reasoningpar excellenceand we must examine it closer.

V.

The essential characteristic of reasoning by recwe is that it contains, condensed,
So to speak, in a single formula, an infinite numdlesyllogisms. We shall see this
more clearly if we enunciate the syllogisms oneeratinother. They follow one
another, if one may use the expression, in a cascadtie following are the
hypothetical

(10) syllogisms: — The theorem is true of the numbeNow, if it is true of 1, it is
true of 2; therefore it is true of 2. Now, if itigie of 2, it is true of 3; hence it is true
of 3, and so on. We see that the conclusion of sgltbgism serves as the minor of
its successor. Further, the majors of all our gyflms may be reduced to a single
form. If the theorem is true of- 1, it is true oh.

We see, then, that in reasoning by recurrence wnepbourselves to the enunciation
of the minor of the first syllogism, and the genei@mula which contains as
particular cases all the majors. This unendingesent syllogisms is thus reduced to a
phrase of a few lines.

It is now easy to understand why every particuarsequence of a theorem may, as |
have above explained, be verified by purely anedytiprocesses. If, instead of
proving that our theorem is true for all numbers, enly wish to show that it is true
for the number 6 for instance, it will be enouglestablish the first five syllogisms in
our cascade. We shall require 9 if we wish to prio¥er the number 10; for a greater
number we shall require more still; but howeveragridhe number may be we shall
always reach it, and the analytical verificatiorl wiways be possible. But however
far we went we should never reach the general émeapplicable to all numbers,
which alone is the object of science. To reachetshiould require an infinite number
of syllogisms, and we should have to cross an abyss

(11) which the patience of the analyst, restridtethe resources of formal logic, will
never succeed in crossing.

| asked at the outset why we cannot conceive ofral powerful enough to see at a
glance the whole body of mathematical truth. Th&agar is now easy. A chess-player
can combine for four or five moves ahead; but, haxextraordinary a r player he
may be, he cannot prepare for more than a finitabar of moves. If he applies his
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faculties to Arithmetic, he cannot conceive its @@ truths by direct intuition alone;
to prove even the smallest theorem he must usenagsby recurrence, for that is the
only instrument which e enables us to pass from fihiée to the infinite. This
instrument is always useful, for it enables usetapl over as many stages as we wish;
it frees us from the necessity of long, tedioug] amnotonous verifications which
would rapidly become impracticable. Then when we tim hand the general theorem
it becomes indispensable, for otherwise we showdnt be approaching the analytical
verification without ever actually reaching it. this domain of Arithmetic we may
think ourselves very far from the infinitesimal §rsas, but the idea of mathematical
infinity is already playing a preponderating panhd without it there would be no
science at all, because there would be nothingrgene

(12)
VI.

The views upon which reasoning by recurrence i®dbasay be exhibited in other
forms; we may say, for instance, that in any figibdlection of different integers there
is always one which is smaller than any other. Way meadily pass from one

enunciation to another, and thus give ourselvesilthgion of having proved that

reasoning by recurrence is legitimate. But we shlalhys be brought to a full stop —
we shall always come to an indemonstrable axiomchvtvill at bottom be but the

proposition we had to prove translated into anotheguage. We cannot therefore
escape the conclusion that the rule of reasoningebyrrence is irreducible to the
principle of contradiction. Nor can the rule comeus from experiment. Experiment
may teach us that the rule is true for the first ¢e the first hundred numbers, for
instance; it will not bring us to the indefiniteriss of numbers, but only to a more or
less long, but always limited, portion of the sgerie

Now, if that were all that is in question, the miple of contradiction would be
sufficient, it would always enable us to developramny syllogisms as we wished. It
is only when it is a question of a single formutaeimbrace an infinite number of
syllogisms that this principle breaks down, andé¢héoo, experiment is powerless to
aid. This rule, inaccessible to analytical proofl am experiment, is the exact type of
the [ priori

(13) synthetic intuition. On the other hand, wergatrsee in it a convention as in the
case of the postulates of geometry.

Why then is this view imposed upon us with suchreesistible weight of evidence ?
It is because it is only the affirmation of the mwof the mind which knows it can
conceive of the indefinite repetition of the sanot, &hen the act is once possible.
The mind has a direct intuition of this power, aperiment can only be for it an
opportunity of using it, and thereby of becoming®tious of it.

But it will be said, if the legitimacy of reasonity recurrence cannot be established

by experiment alone, is it so with experiment aidlgdnduction? We see successively
that a theorem is true of the number 1, of the rem2h of the number 3, and so on —
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the law is manifest, we say, and it is so on theesground that every physical law is
true which is based on a very large but limited banof observations.

It cannot escape our notice that here is a strikimglogy with the usual processes of
induction. But an essential difference exists. bidgun applied to the physical
sciences is always uncertain, because it is basdéideobelief in a general order of the
universe, an order which is external to us. Matherakhinduction — i.e., proof by
recurrence — is, on the contrary, necessarily iragosn us, because it is only the
affirmation of a property of the mind itself.

(14)
VII.

Mathematicians, as | have said before, always emdgato generalise the
propositions they have obtained. To seek no furtlx@ample, we have just shown the
equality, a + 1 = 1 + a, and we then used it taldsth the equality, a + b = b + a,
which is obviously more general. Mathematics mhgréfore, like the other sciences,
proceed from the particular to the general. Thia fact which might otherwise have
appeared incomprehensible to us at the beginnintipisfstudy, but which has no
longer anything mysterious about it, since we haseertained the analogies between
proof by recurrence and ordinary induction.

No doubt mathematical recurrent reasoning and phlsnductive reasoning are
based on different foundations, but they move inalel lines and in the same
direction—namely, from the particular to the gehera

Let us examine the case a little more closely. My the equalitya+2=2+a ... ...
(1), we need only apply the rule. a + 1 = 1 + a¢éwand write

at+2=a+l+l=1+a+l=1+1+a=2+a. (2).

The equality thus deduced by purely analytical rsesnnot, however, a simple

particular case. It is something quite differente Wiay not therefore even say in the
really analytical and deductive part of matheméatieasoning that we proceed from
the general to the particular in the ordinary sesidbe words. The two sides of

( 15) the equality (2) are merely more complicatethbinations than the two sides of
the equality (1), and analysis only serves to sdpathe elements which enter into
these combinations and to study their relations.

Mathematicians therefore proceed "by constructiothey "construct® more
complicated combinations. When they analyse thesebmations, these aggregates,
SO to speak, into their primitive elements, theg #ee relations of the elements and
deduce the relations of the aggregates themseles process is purely analytical,
but it is not a passing from the general to thei@aar, for the aggregates obviously
cannot be regarded as more particular than theinents.
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Great importance has been rightly attached to ghigess of " construction,” and
some claim to see in it the necessary and suftic@endition of the progress of the
exact sciences. Necessary, no doubt, but not mrffid For a construction to be
useful and not mere waste of mental effort, faéo iserve as a stepping-stone to higher
things, it must first of all possess a kind of yrenabling us to see something more
than the juxtaposition of its elements. Or moreuaately, there must be some
advantage in considering the construction rathan tihe elements themselves. What
can this advantage be ? Why reason on a polygoningtance, which is always
decomposable into triangles, and not on elemerntamggles’ It is because there are
properties of

(16) polygons of any number of sides, and they lmanmmediately applied to any
particular kind of polygon. In most cases it is yomdfter long efforts that those
properties can be discovered, by directly studythg relations of elementary
triangles. If the quadrilateral is anything morarththe juxtaposition of two triangles,
it is because it is of the polygon type.

A construction only becomes interesting when it barplaced side by side with other
analogous constructions for forming species ofghme genus. To do this we must
necessarily go back from the particular to the gan@ascending one or more steps.
The analytical process " by construction" doesawoohpel us to descend, but it leaves
us at the same level. We can only ascend by matiwhaduction, or from it alone
can we learn something new. Without the aid of thiduction, which in certain
respects differs from, but is as fruitful as, plgsiinduction, construction would be
powerless to create science.

Let me observe; in conclusion, that this inductisnonly possible if the same
operation can be repeated indefinitely. That is Wiy theory of chess can never

become a science, for the different moves of tmeespiece are limited and do not
resemble each other.

Endnotes

1. For(+1)+1 =1+ (+1)=(1+) +1[TR/]

Science and Hypothesis
: Mathematical Magnitude and Experiment
MATHEMATICAL MAGNITUDE AND
EXPERIMENT

IF we want to know what the mathematicians meam lmpntinuum, it is useless to
appeal to geometry. The geometer is always seekiage or less, to represent to
himself the figures he is studying, but his repnésons are only instruments to him;
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he uses space in his geometry just as he uses emaKurther, too much importance
must not be attached to accidents which are oftéimimg more than the whiteness of
the chalk.

The pure analyst has not to dread this pitfall.nde disengaged mathematics from all
extraneous elements, and he is in a position tovemsur question: —" Tell me
exactly what this continuum is, about which mathicens reason.” Many analysts
who reflect on their art have already done so —Tdnnery, for instance, in his
Introduction(] la thilorie des Functions d'une variable.

Let us start with the integers. Between any twoseentive sets, intercalate one or
more intermediary sots, and then between thes®teiss

(18) again, and so on indefinitely. We thus getuatimited number of terms, and
these will be the numbers which we call fractiomatjonal, or commensurable. But
this is not yet all; between these terms, whichjtbearked, are already infinite in
number, other terms are intercalated, and these aaked irrational or
incommensurable.

Before going any further, let me make a preliminegynark. The continuum thus
conceived is no longer a collection of individuatsanged in a certain order, infinite
in number, it is true, but external the one to dtker. This is not the ordinary
conception in which it is supposed that betweereteenents of the continuum exists
an intimate connection making of it one whole, ihieth the point has no existence
previous to the line, but the line does exist prasito the point. Multiplicity alone
subsists, unity has disappeared —"the continuuoniy in multiplicity," according
to the celebrated formula. The analysts have ewss Freason to define their
continuum as they do, since it is always on thist tthey reason when they are
particularly proud of their rigour. It is enough tearn the reader that the real
mathematical continuum is quite different from tb&the physicists and from that of
the metaphysicians.

It may also be said, perhaps, that mathematiciahe are contented with this
definition are the dupes of words, that the natfreeach of these sets should be
precisely indicated, that it should

(19) be explained how they are to be intercalated, that it should be shown how it
is possible to do it. This, however, would be wrptite only property of the sets
which comes into the reasoning is that of precedimgucceeding these or those other
sets; this alone should therefore intervene indisénition. So we need not concern
ourselves with the manner in which the sets aeréatated, and no one will doubt the
possibility of the operation if he only remembeénatt“possible” in the language of
geometers simply means exempt from contradictiomt &ir definition is not yet
complete, and we come back to it after this rakbeg digression.

Definition of Incommensurables. Fhe mathematicians of the Berlin school, and

Kronecker in particular, have devoted themselvesdnstructing this continuous
scale of irrational and fractional numbers withasing any other materials than the

18



19

integer. The mathematical continuum from this pointiew would be a pure creation
of the mind in which experiment would have no part.

The idea of rational number not seeming to presettiem any difficulty, they have

confined their attention mainly to defining incommserable numbers. But before
reproducing their definition here, | must make dservation that will allay the

astonishment which this will not fail to provoke ne@aders who are but little familiar
with the habits of geometers.

(20)

Mathematicians do not study objects, but the @fatibetween objects; to them it is a
matter of indifference if these objects are replady others, provided that the
relations do not change. Matter does not engagdedttention, they are interested by
form alone.

If we did not remember it, we could hardly undemstshat Kronecker gives the name
of incommensurable number to a simple symbol — thab say, something very

different from the idea we think we ought to haveaoquantity which should be

measurable and almost tangible.

Let us see now what is Kronecker's definition. Camnsurable numbers may be

divided into classes in an infinite number of wagsbject to the condition that any

number whatever of the first class is greater thay number of the second. It may
happen that among the numbers of the first clas® tis one which is smaller than all

the rest; if, for instance, we arrange in the folstss all the numbers greater than 2,
and 2 itself, and in the second class all the nushbmaller than 2, it is clear that 2

will be the smallest of all the numbers of thetfekss. The number 2 may therefore
be chosen as the symbol of this division.

It may happen, on the contrary, that in the seadass there is one which is greater
than all the rest. This is what takes place, faneple, if the first class comprises all
the numbers greater than 2, and if, in the secamedall the numbers

(21) less than 2, and 2 itself. Here again the rarm@bmight be chosen as the symbol
of this division.

But it may equally well happen that we can findtinei in the first class a number
smaller than all the rest, nor in the second ctassimber greater than all the rest.
Suppose, for instance, we place in the first cibsthe numbers whose squares are
greater than 2, and in the second all the numbéeseysquares are smaller than 2.
We know that in neither of them is a number whagease is equal to 2. Evidently
there will be in the first class no number whichsimaller than alt the rest, for
however near the square of a number may be to 2,care always find a
commensurable whose square is still nearer todnRronecker's point of view, the
incommensurable number 2 is nothing but the syndlbdhis particular method of
division of commensurable numbers; and to each nobdepartition corresponds in
this way a number, commensurable or not, whicheses a symbol. But to be
satisfied with this would be to forget the origihtbese symbols; it remains to explain
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how we have been led to attribute to them a kindarsfcrete existence, and on the
other hand, does not the difficulty begin with frans? Should we have the notion of
these numbers if we did not previously know a nmatteich we conceive as infinitely
divisible — i.e., a continuum ?

The Physical Continuum. — We arext led to ask

(22) if the idea of the mathematical continuumas simply drawn from experiment.
If that be so, the rough data of experiment, whach our sensations, could be
measured. We might, indeed, be tempted to beliegakthis is so, for in recent times
there has been an attempt to measure them, ang ads even been formulated,
known as Fechner's law, according to which sensagiproportional to the logarithm
of the stimulus. But if we examine the experimdmtsvhich the endeavour has been
made to establish this law, we shall be led toaanéitrically opposite conclusion. It
has, for instance, been observed that a weight P0ajrammes and a weight B of 11
grammes produced identical sensations, that theghwe could no longer be
distinguished from a weight C of 12 grammes, buatt tthe weight A was readily
distinguished from the weight C. Thus the rougtultssof the experiments may be
expressed by the following relations: A=B, B=C, ACs which may be regarded as
the formula of the physical continuum. But heraisintolerable disagreement with
the law of contradiction, and the necessity of bhimg this disagreement has
compelled us to invent the mathematical continuvkie are therefore forced to
conclude that this notion has been created entirglthe mind, but it is experiment
that has provided the opportunity. We cannot belithat two quantities which are
equal to a third are not equal to one another,vemare thus led to suppose that A is
different from

(23) B, and B from C, and that if we have not be&rare of this, it is due to the
imperfections of our senses.

The Creation of the Mathematical Continuum: Firsde. —Sofar it would suffice,

in order to account for facts, to intercalate betw@ and B a small number of terms
which would remain discrete. What happens now if ave recourse to some
instrument to make up for the weakness of our n#e for example, we use a
microscope? Such terms as A and B, which before wetistinguishable from one
another, appear now to be distinct: but betweennd B, which are distinct; is
intercalated another new term D, which we can mljstish neither from A nor from
B. Although we may use the most delicate methols, rough results of our
experiments will always present the charactershef ghysical continuum with the
contradiction which is inherent in it. We only epeafrom it by incessantly
intercalating new terms between the terms alreasiynduished, and this operation
must be pursued indefinitely. We might conceive thavould be possible to stop if
we could imagine an instrument powerful enough trainpose the physical
continuum into discrete elements, just as the teles resolves the Milky Way into
stars. But this we cannot imagine; it is alwayshwitur senses that we use our
instruments; it is with the eye that we observe theage magnified by the
microscope, and this image must therefore alwagsréhe
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(24) characters of visual sensation, and therdfmee of the physical continuum.

Nothing distinguishes a length directly observemrirhalf that length doubled by the
microscope. The whole is homogeneous to the pamj there is a fresh
contradiction—or rather there would be one if thenber of the terms were supposed
to be finite; it is clear that the part containilegs terms than the whole cannot be
similar to the whole. The contradiction ceases @mnsas the number of terms is
regarded as infinite. There is nothing, for exampdeprevent us from regarding the
aggregate of integers as similar to the aggredaéven numbers, which is however
only a part of it; in fact, to each integer corr@s@gs another even number which is its
double. But it is not only to escape this contradit contained in the empiric data
that the mind is led to create the concept of aticonm formed of an indefinite
number of terms.

Here everything takes place just as in the sefiflseantegers. We have the faculty of
conceiving that a unit may be added to a colleatibunits. Thanks to experiment, we
have had the opportunity of exercising this facualbd are conscious of it; but from
this fact we feel that our power is unlimited, athét we can count indefinitely,

although we have never had to count more than ite frumber of objects. In the

same way, as soon as we have intercalated termwed®two consecutive terms of a
series, we feel that this

(25) operation may be continued without limit, atfit, so to speak, there is no
intrinsic reason for stopping. As an abbreviatidnmay give the name of a

mathematical continuum of the first order to evaggregate of terms formed after the
same law as the scale of commensurable numberheti, we intercalate new sets
according to the laws of incommensurable numbeesphtain what may be called a
continuum of the second order.

Second Stage— We have only taken our first step. We have &ixgld the origin of
continuums of the first order; we must now see Wiy is not sufficient, and why the
incommensurable numbers had to be invented.

If we try to imagine a line, it must have the claeas of the physical continuum—
that is to say, our representation must have aiogreadth. Two lines will therefore
appear to us under the form of two narrow bandd, inve are content with this
rough image, it is clear that where two lines ctbgy must have some common part.
But the pure geometer makes one further effortthauit entirely renouncing the aid
of his senses, he tries to imagine a line withaaabth and a point without size. This
he can do only by imagining a line as the limit +w#wds which tends a band that is
growing thinner and thinner, and the point as thet ltowards which is tending an
area that is growing smaller and smaller. Our tands, however narrow they

(26) may be, will always have a common area; thallemthey are the smaller it will
be, and its limit is what the geometer calls a padihis is why it is said that the two
lines which cross must have a common point, argdttbth seems intuitive.
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But a contradiction would be implied if we concalvef lines as continuums of the
first order— i.e.,the lines traced by the geometer should only ge/@aints, the co-
ordinates of which are rational numbers. The caintteon would be manifest if we
were, for instance, to assert the existence oslarel circles. It is clear, in fact, that if
the points whose co-ordinates are commensurable alene regarded as real, the in-
circle of a square and the diagonal of the squareldvnot intersect, since the co-
ordinates of the point of intersection are incomsugable.

Even then we should have only certain incommenseinabbmbers, and not all these
numbers.

But let us imagine a line divided into two half-sg@emi-droites)Each of these half-
rays will appear to our minds as a band of a cefiaeadth; these bands will fit close
together, because there must be no interval betwesn. The common part will
appear to us to be a point which will still remamwe imagine the bands to become
thinner and thinner, so that we admit as an ineitruth that if a line be divided into
two half-rays the common frontier of these halfsay a pint. Here we recognise the
conception of Kronecker,

(27) in which an incommensurable number was reghedethe common frontier of
two classes of rational numbers. Such is the orafithe continuum of the second
order, which is the mathematical continuum propsdycalled.

Summary. —30 sum up, the mind has the faculty of creating symband it is thus
that it has constructed the mathematical continuuhich is only a particular system
of symbols. The only limit to its power is the nesigy of avoiding all contradiction;
but the mind only makes use of it when experimérggya reason for it.

In the case with which we are concerned, the reasayiven by the idea of the
physical continuum, drawn from the rough data ef senses. But this idea leads to a
series of contradictions from each of which in ture must be freed. In this way we
are forced to imagine a more and more complicajestem of symbols. That on
which we shall dwell is not merely exempt from mi& contradiction, —it was so
already at all the steps we have taken,— butiibisonger in contradiction with the
various propositions which are called intuitivedamhich are derived from more or
less elaborate empirical notions.

Measurable Magnitude— Sofar we have not spoken of tiheeasureof magnitudes;
we can tell if any one of them is greater than ather, but we cannot say that it is
two or three times as large.

So far, | have only considered the order in which

(28) the terms are arranged; but that is not gafficfor most applications. We must
learn how to compare the interval which separatgstao terms. On this condition
alone will the continuum become measurable, andotherations of arithmetic be
applicable. This can only be done by the aid ok® mnd special convention ; and
this convention is, that in such a case the intdrgaween the terms A and B is equal
to the interval which separates C and D. For ingawe started with the integers, and
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between two consecutive sets we intercalated mnir@eiary sets; by convention we
now assume these new sets to be equidistant. Floise of the ways of defining the
addition of two magnitudes; for if the interval ABby definition equal to the interval
CD, the interval AD will by definition be the suni the intervals AB and AC. This
definition is very largely, but not altogether, imrry. It must satisfy certain
conditions—the commutative and associative lawsaddition, for instance; but,
provided the definition we choose satisfies theses] the choice is indifferent, and
we need not state it precisely.

Remarks.—We amow in a position to discuss several important tjoes.

(1) Is the creative power of the mind exhaustedh®ycreation of the mathematical
continuum ? The answer is in the negative, and ithishown in a very striking
manner by the work of Du Bois Reymond.

(29)

We know that mathematicians distinguish betweemitesimals of different orders,
and that infinitesimals of the second order araitgly small, not only absolutely so,
but also in relation to those of the first ordet.id not difficult to imagine
infinitesimals of fractional or even of irrationatder, and here once more we find the
mathematical continuum which has been dealt witthen preceding pages. Further,
there are infinitesimals which are infinitely smualith reference to those of the first
order, and infinitely large with respect to theard + E, however small E may be.
Here, then, are new terms intercalated in our seaied if | may be permitted to revert
to the terminology used in the preceding pagesgeraihology which is very
convenient, although it has not been consecratedshyge, | shall say that we have
created a kind of continuum of the third order.

It is an easy matter to go further, but it is idée do so, for we would only be

imagining symbols without any possible applicatiand no one will dream of doing

that. This continuum of the third order, to which are led by the consideration of the
different orders of infinitesimals, is in itself bt little use and hardly worth quoting.
Geometers look on it as a mere curiosity. The roimlgl uses its creative faculty when
experiment requires it.

(a) When we are once in possession of the coneepfithe mathematical continuum,
are

(30) we protected from contradictions analogoushtise which gave it birth ? No,
and the following is an instance:

He is asavantindeed who will not take it as evident that eveuyve has a tangent;
and, in fact, if we think of a curve and a straifjhé as two narrow bands, we can
always arrange them in such a way that they hax@ramon part without intersecting.
Suppose now that the breadth of the bands dimisistaefinitely: the common part
will still remain, and in the limit, so to speakgttwo lines will have a common point,
although they do not intersect—i.e., they will tbuhe geometer who reasons in this
way is only doing what we have done when we prabed two lines which intersect
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have a common point, and his intuition might alsers to be quite legitimate. But
this is not the case. We can show that there aneeswhich have no tangent, if we
define such a curve as an analytical continuurmrhefdecond order. No doubt some
artifice analogous to those we have discussed alvoudd enable us to get rid of this
contradiction, but as the latter is only met withvery exceptional cases, we need not
trouble to do so. Instead of endeavouring to red®nctuition and analysis, we are
content to sacrifice one of them, and as analysistine flawless, intuition must go to
the wall.

The Physical Continuum of Several Dimensions.

We have discussed above the physical continuurhigaglerived from the immediate
evidence of our

(31) senses —or, if the reader prefers, from thagho results of Fechner's
experiments; | have shown that these results amem&d up in the contradictory
formulae: — A=B, B=C, A< C.

Let us now see how this notion is generalised, laowal from it may be derived the
concept of continuums of several dimensions. Cams@ny two aggregates of
sensations. We can either distinguish between tbeme cannot; just as in Fechner's
experiments the weight of 10 grammes could bergjsished from the weight of 12
grammes, but not from the weight of 11 grammessTkiall that is required to
construct the continuum of several dimensions.

Let us call one of these aggregates of sensatiogleanentlt will be in a measure
analogous to theoint of the mathematicians, but will not be, howevee game
thing. We cannot say that our element has no &izeye cannot distinguish it from
its immediate neighbours, and it is thus surrounttyda kind of fog. If the
astronomical comparison may be allowed, our " el@siewould be like nebulae,
whereas the mathematical points would be like stars

If this be granted, a system of elements will fansontinuum, if we can pass from
any one of them to any other by a series of consecelements such that each
cannot be distinguished from its' predecessor. Timgar series is to thdine of the
mathematician what the isolatetmentvas to the point.

(32)

Before going further, I must explain what is medgt a cut. Let us consider a
continuum C, and remove from it certain of its edgrs, which for a moment we shall
regard as no longer belonging to the continuum. 8Nell call the aggregate of
elements thus removed a cut. By means of this tha, continuum C will be

subdividedinto several distinct continuums; the aggregatelements which remain

will cease to form a single continuum. There wikén be on C two elements, A and
B, which we must look upon as belonging to twoidetcontinuums; and we see that
this must be so, because it will be impossibleind fa linear series of consecutive
elements of C (each of the elements indistinguighflom the preceding, the first
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being A and the last Bynless one of the elements of this series is indisshable
from one of the elements of the cut.

It may happen, on the contrary, that the cut mayh®osufficient to subdivide the
continuum C. To classify the physical continuums, mwust first of all ascertain the
nature of the cuts which must be made in orderutediwide them. If a physical
continuum, C, may be subdivided by a cut reduaing finite number of elements, all
distinguishable the one from the other (and theesforming neither one continuum
nor several continuums), we shall call C a contmuof one dimension. Ifpn the
contrary, C can only be subdivided by cuts which #remselves continuums, we
shall say that C is of several dimensions; if

(33) the cuts are continuums of one dimension, thenshall say that C has two
dimensions; if cuts of two dimensions are suffitjeme shall say that C is of three
dimensions, and so on. Thus the notion of the phystcontinuum of several
dimensions is defined, thanks to the very simplet,fahat two aggregates of
sensations may be distinguishable or indistingulokha

The Mathematical Continuum of Several Dimensions.

The conception of the mathematical continuum ofimeshsions may be led up to

quite naturally by a process similar to that whigh discussed at the beginning of this
chapter. A point of such a continuum is definedabsystem of it distinct magnitudes

which we call its co-ordinates.

The magnitudes need not always be measurable; e instance, one branch of
geometry independent of the measure of magnitudeshich we are only concerned

with knowing, for example, if, on a curve A B Cgtpoint B is between the points A
and C, and in which it is immaterial whether the ArB is equal to or twice the arc B

C. This branch is callednalysis Situslt contains quite a large body of doctrine
which has attracted the attention of the greatesngeters, and from which are
derived, one from another, a whole series of reafdektheorems. What distinguishes
these theorems from those of ordinary geometnhas they are purely qualitative.

They are still true if the figures are copied by wamskilful draughtsman, with the

result that

(34) the proportions are distorted and the straligiets replaced by lines which are
more or less curved.
As soon as measurement is introduced into the rmaumth we have just defined, the

continuum becomes space, and geometry is born. tiButdiscussion of this is
reserved for Part Il.
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Part Il Space

Science and Hypothesis
Chapter 3: Non-Euclidean Geometries

NON-EUCLIDEAN GEOMETRIES.

EVERY conclusion presumes premisses. These premaseeither self-evident and
need no demonstration, or can be established bhised on other propositions; and,
as we cannot go back in this way to infinity, evdeguctive science, and geometry in
particular, must rest upon a certain number of imolestrable axioms. All treatises of
geometry begin therefore with the enunciation oésth axioms. But there is a
distinction to be drawn between them. Some of thieseexample, "Things which are
equal to the same thing are equal to one anothes ot propositions in geometry but
propositions in analysis. | look upon them as atady (| priori intuitions, and they
concern me no further. But | must insist on othgioms which are special to
geometry. Of these most treatises explicitly enatecthree :—(1) Only one line can
pass through two points; (2) a straight line is the

(36) shortest distance between two points; (3)uinoone point only one parallel can
be drawn to a given straight line. Although we gatg dispense with proving the
second of these axioms, it would be possible tauded from the other two, and from
those much more numerous axioms which are impliciidmitted without
enunciation, as | shall explain further on. Fooag time a proof of the third axiom
known as Euclid's postulate was sought in vaiis ilnpossible to imagine the efforts
that have been spent in pursuit of this chimeraalli, at the beginning of the
nineteenth century, and almost simultaneously, se@ntists, a Russian and a
Bulgarian, Lobatschewsky and Bolyai, showed irrably that this proof is
impossible. They have nearly rid us of inventorggebmetries without a postulate,
and ever since thé&cadImie des Sciencereceives only about one or two new
demonstrations a year. But the question was naiwesthd, and it was not long before
a great step was taken by the celebrated memoRiehann, entitledUeber die
Hypothesen welche der Geometrie zum Grunde liefeis. little work has inspired
most of the recent treatises to which | shall laterrefer, and among which | may
mention those of Beltrami and Helmholtz.

The Geometry of Lobatschewsky.lfHt were possible to deduce Euclid's postulate
from the several axioms, it is evident that by c@jey the postulate and retaining the
other axioms we

(37) should be led to contradictory consequendesould be, therefore, impossible
to found on those premisses a coherent geometry, Nois is precisely what

Lobatschewsky has done. He assumes at the outseséheral parallels may be
drawn through a point to a given straight line, &edretains all the other axioms of
Euclid. From these hypotheses he deduces a sdribgaems between which it is
impossible to find any contradiction, and he cang a geometry as impeccable in
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its logic as Euclidean geometry. The theorems arg different, however, from those
to which we are accustomed, and at first will banid a little disconcerting. For
instance, the sum of the angles of a trianglevimgs less than two right angles, and
the difference between that sum and two right angl@roportional to the area of the
triangle. It is impossible to construct a figurensar to a given figure but of different
dimensions. If the circumference of a circle bad#d into it equal parts, and tangents
be drawn at the points of intersection, the is ¢sug will form a polygon if the radius
of the circle is small enough, but if the radiudasye enough they will never meet.
We need not multiply these examples. Lobatschewgkgpositions have no relation
to those of Euclid, but they are none the lesschilyi interconnected.

Riemann'sGeometry.—Let us imagine to ourselves a world gagpled with beings
of no thickness, and suppose these "infinitely flat

(38) animals are all in one and the same plane) tich they cannot emerge. Let us
further admit that this world is sufficiently disttafrom other worlds to be withdrawn
from their influence, and while we are making thésgpotheses it will not cost us
much to endow these beings with reasoning powet,tarbelieve them capable of
making a geometry. In that case they will certaialyribute to space only two
dimensions. But now suppose that these imaginamas, while remaining without
thickness, have the form of a spherical, and na pfane figure, and are all on the
same sphere, from which they cannot escape. Winat & a geometry will they
construct ? In the first place, it is clear thagythwill attribute to space only two
dimensions. The straight line to them will be thersest distance from one point on
the sphere to another—that is to say, an arc oéat gircle. In a word, their geometry
will be spherical geometry. What they will call spawill be the sphere on which they
are confined, and on which take place all the phama with which they are
acquainted. Their space will therefore bebounded, sincen a sphere one may
always walk forward without ever being brought tstap, and yet it will béinite; the
end will never be found, but the complete tour dmn made. Well, Riemann's
geometry is spherical geometry extended to thresedsions. To construct it, the
German mathematician had first of all to throw da&rd, not only Euclid's postulate,

(39) but also the first axiom that ontyne line can pass through two poin@n a
sphere, through two given points, we @amgeneraldraw only one great circle which,
as we have just seen, would be to our imaginamygsea straight line. But there was
one exception. If the two given points are at théseof a diameter, an infinite number
of great circles can be drawn through them. Insa@me way, in Riemann's geometry
— at least in one of its forms — through two poiotdy one straight line can in
general be drawn, but there are exceptional caseghich through two points an
infinite number of straight lines can be drawn. tBere is a kind of opposition
between the geometries of Riemann and Lobatschewskyinstance, the sum of the
angles of a triangle is equal to two right angle<€uclid's geometry, less than two
right angles in that of Lobatschewsky, and gre#ttan two right angles in that of
Riemann. The number of parallel lines that can t@vd through a given point to a
given line is one in Euclid's geometry, none inRa@n's, and an infinite number in
the geometry of Lobatschewsky. Let. us add thatm@ien's space is finite, although
unbounded in the sense which we have above attachbdse words.
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Surfaces with Constant Curvature-~ One objection, however, remains possible.
There is no contradiction between the theoremsotiatschewsky and Riemann; but
however numerous are the other consequences #s# ¢feometers have deduced

(40) from their hypotheses, they had to arresr th@urse before they exhausted them
all, for the number would be infinite; and who csay that if they had carried their
deductions further they would not have eventuadlgched some contradiction? This
difficulty does not exist for Riemann's geometryp\pded it is limited to two
dimensions. As we have seen, the twodimensionahgay of Riemann, in fact, does
not differ from spherical geometry, which is onlypeanch of ordinary geometry, and
is therefore outside all contradiction. Beltramy,dhowing that Lobatschewsky's two-
dimensional geometry was only a branch of ordirgeggmetry, has equally refuted
the objection as far as it is concerned. This & ¢burse of his argument: Let us
consider any figure whatever on a surface. Imagime figure to be traced on a
flexible and inextensible canvas applied to thdasr, in such a way that when the
canvas is displaced and deformed the differenslimiethe figure change their form
without changing their length. As a rule, this fldg and inextensible figure cannot
be displaced without leaving the surface. But tlegeecertain surfaces for which such
a movement would be possible. They are surfacesmdtant curvature. If we resume
the comparison that we made just now, and imageiegs without thickness living
on one of these surfaces, they will regard as plessihe motion of a figure all the
lines of which remain of a constant length. Such

(41) a movement would appear absurd, on the otlagd,hto animals without

thickness living on a surface of variable curvatufdese surfaces of constant
curvature are of two kinds. The curvature of someasitive, and they may be

deformed so as to be applied to a sphere. The dgepofethese surfaces is therefore
reduced to spherical geometry—namely, Riemann's Thrvature of others is

negative Beltrami has shown that the geometry of these sesfés identical with that

of Lobatschewsky. Thus the two-dimensional georestriof Riemann and

Lobatschewsky are connected with Euclidean geometry

Interpretation of Non-Euclidean Geometries. Thus vanishes the objection so far as
two-dimensional geometries are concerned. It wdaddeasy to extend Beltrami's
reasoning to three-dimensional geometries, and snimdich do not recoil before
space of four dimensions will see no difficulty itp but such minds are few in
number. | prefer, then, to proceed otherwise. lsetensider a certain plane, which |
shall call the fundamental plane, and let us canst kind of dictionary by making a
double series of terms written in two columns, eadesponding each to each, just as
in ordinary dictionaries the words in two languagdsch have the same signification
correspond to one another:

Space | The portion of space situated above the fedgl plane.

(42)
Plane Sphere cutting orthogonally the fundameriéadep
Line Circle cutting orthogonally the fundamented.
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Sphere Sphere
Circle Circle
Angle Angle

Distance betwee Logarithm of the anharmonic ratio of these two p®iand of tht
two points intersection of the fundamental plane with theleigassing

through these two points and cutting it orthoggnall
Etc

Let us now take Lobatschewsky's theorems and a#nshem by the aid of this
dictionary, as we would translate a German texhwlie aid of a German - French
dictionary. We shall then obtain the theorems of ordinary geégmé&or instance,
Lobatschewsky's theorem: "The sum of the angles tofangle is less than two right
angles," may be translated thus: "If a curviling@ngle has for its sides arcs of
circles which if produced would cut orthogonallye tundamental plane, the sum of
the angles of this curvilinear triangle will be dethan two right angles." Thus,
however far the consequenceslLobatschewsky's hypotheses are carried, they will
never lead to a

(43) contradiction; in fact, if two of Lobatschew&k theorems were contradictory,
the translations of these two theorems made byaitheof our dictionary would be
contradictory also. But these translations arerdgmes of ordinary geometry, and no
one doubts that ordinary geometry is exempt fromtremliction. Whence is the
certainty derived, and how far is it justified? Tl®a question upon which | cannot
enter here, but it is a very interesting questeomd | think not insoluble. Nothing,
therefore, is left of the objection | formulated oab. But this is not all.
Lobatschewsky's geometry being susceptible of areba interpretation, ceases to be
a useless logical exercise, and may be appliedvé Imo time here to deal with these
applications, nor with what Herr Klein and myseévie done by using them in the
integration of linear equations.

Further, this interpretation is not unique, andesaldictionaries may be constructed
analogous to that above, which will enable us bygimple translation to convert
Lobatschewsky's theorems into the theorems of argigeometry.

Implicit Axioms.— Are the axioms implicitly enunciated in our text-boake only
foundation of geometry? We may be assured of téray when we see that, when
they are abandoned one after another, there dréefitistanding some propositions
which are common to the geometries of Euclid; Leblagéwsky, and Riemann. These
propositions must be based on premisses that

(44) geometers admit without enunciation. It iseresting to try and extract them
from the classical proofs.
John Stuart Mill asserted' that every definitiomtains an axiom, because by defining

we implicitly affirm the existence of the objectfiubed. That is going rather too far. It
is but rarely in mathematics that a definition igegn without following it up by the
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proof of the existence of the object defined, afmvthis is not done it is generally
because the reader can easily supply it; and it mosbe forgotten that the word
"existence" has not the same meaning when it rédeasmathematical entity as when
it refers to a material object.

A mathematical entity exists provided there is mantradiction implied in its
definition, either in itself, or with the propositis previously admitted. But if the
observation of John Stuart Mill cannot be applied@l definitions, it is none the less
true for some of them. A plane is sometimes definetthe following manner: —The
plane is a surface such that the line which jomgtao points upon it lies wholly on
that surface. Now, there is obviously a new axi@ncealed in this definition. It is
true we might change it, and that would be preflerabut then we should have to
enunciate the axiom explicitly. Other definitionayngive rise to no less important
reflections, such as, for example, that of the biyuaf two figures: Two

(45) figures are equal when they can be superpdseduperpose them, one of them
must be displaced until it coincides with the otH&gut how must it be displaced? If
we asked that question, no doubt we should bethaltit ought to be done without
deforming it, and as an invariable solid is dispthcThe vicious circle would then be
evident. As a matter of fact, this definition definnothing. It has no meaning to a
being living in a world in which there are only iflg. If it seems clear to us, it is
because we are accustomed to the properties ofahatolids which do not much
differ from those of the ideal solids, all of whasienensions are invariable. However,
imperfect as it may be, this definition impliesaiom. The possibility of the motion
of an invariable figure is not a self-evident trutht least it is only so in the
application to Euclid's postulate, and not as aadyaical is priori intuition would be.
Moreover, when we study the definitions and theofs@f geometry, we see that we
are compelled to admit without proof not only thesgibility of this motion, but also
some of its properties. This first arises in théindgon of the straight line. Many
defective definitions have been given, but the toe is that which is understood in
all the proofs in which the straight line intervengé It may happen that the motion of
an invariable figure may be such that all the mmwit a line belonging to the figure
are motionless, while all the points situate owsltht line are in motion. Such a

(46) line would be called a straight line." We halaiberately in this enunciation

separated the definition from the axiom which ipiras. Many proofs such as those
of the cases of the equality of triangles, of thegibility of drawing a perpendicular

from a point to a straight line, assume proposgitime enunciations of which are
dispensed with, for they necessarily imply thas ipossible to move a figure in space
in a certain way.

The Fourth Geometry— Among these explicit axioms there is one whiekrss to
me to deserve some attention, because when we @bénde can construct a fourth
geometry as coherent as those of Euclid, Lobatsskevand Riemann. To prove that
we can always draw a perpendicular at a point A $traight line A B, we consider a
straight line A C movable about the point A, andiatly identical with the fixed
straight line A B. We then can make it turn abdw point A until it lies in A B
produced. Thus we assume two propositions — filnstt, such a rotation is possible,
and then that it may continue until the two liniesthe one in the other produced. If
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the first point is conceded and the second rejeetedare led to a series of theorems
even stranger than those of Lobatschewsky and Riemlaut equally free from
contradiction. | shall give only one of these tleeos, and | shall not choose the least
remarkable of thenA real straight line may be perpendiculiaritself:

Lie's Theorem—The number of axioms implicitly

(47) introduced into classical proofs is greateantmecessary, and it would be
interesting to reduce them to a minimum. It mayaB&ed, in the first place, if this
reduction is possible — if the number of necessatpms and that of imaginable
geometries is not infinite? A theorem due to Soplhesis of weighty importance in
this discussion. It may be enunciated in the follgvmanner: — Suppose the
following premisses are admitted: (1) spacerhdsnensions; (2) the movement of an
invariable figure is possible; () conditions are necessary to determine the position
of this figure in space.

The number of geometries compatible with these igeam will be limited. may even
add that ifn. is given, a superior limit can be assignedptolf, therefore, the
possibility of the movement is granted, we can anlent a finite and even a rather
restricted number of three-dimensional geometries.

Riemann's Geometries- However, this result seems contradicted by Rieméor
that scientist constructs an infinite number ofrgetries, and that to which his name
is usually attached is only a particular case einthAll depends, he says, on the
manner in which the length of a curve is definedwiNthere is an infinite number of
ways of defining this length, and each of them rbaythe starting-point of a new
geometry. That is perfectly true, but most of thdeénitions are incompatible with
the movement of a variable figure such as we assarbe possible in Lie's theorem.

(48) These geometries of Riemann, so interestingasious grounds, can never be,
therefore, purely analytical, and would not lendniselves to proofs analogous to
those of Euclid.

On the Nature of Axioms— Most mathematicians regard Lobatschewsky's geggme
as a mere logical curiosity. Some of them have, éwan gone further. If several
geometries are possible, they say, is it certaah dlar geometry is the one that is true
? Experiment no doubt teaches us that the sumeoéigles of a triangle is equal to
two right angles, but this is because the triangles deal with are too small.
According to Lobatschewsky, the difference is prtipoal to the area of the triangle,
and will not this become sensible when we operatemoich larger triangles, and
when our measurements become more accurate ? Buggiodmetry would thus be a
provisory geometry. Now, to discuss this view wesirfurst of all ask ourselves, what
is the nature of geometrical axioms ? Are theysstit (] priori intuitions, as Kant
affirmed ? They would then be imposed upon us witbh a force that we could not
conceive of the contrary proposition, nor couldw#d upon. it a theoretical edifice.
There would be no non-Euclidean geometry. To caresiourselves of this, let us take
a true synthetic! priori intuition—the following, for instance, whicplayed an

31



32

important part in the first chapter: If a theoresrtrue for the number 1, and if it has
seen proved that it is true of+ 1, provided it is

(49) true ofn, it will be true for all positive integers. Let agxt try to get rid of this,
and while rejecting this proposition let us conetra false arithmetic analogous to
non-Euclidean geometry. We shall not be able tat.dé/e shall be even tempted at
the outset to look upon these intuitions as aradytiBesides, to take up again our
fiction of animals without thickness, we can scir@mit that these beings, if their
minds are like ours, would adopt the Euclidean gstoyn which would be
contradicted by all their experience. Ought wenthe conclude that the axioms of
geometry are experimental truths ? But we do ndtenexperiments on ideal lines or
ideal circles; we can only make them on materigdéas. On what, therefore, would
experiments serving as a foundation for geometripdseed ? The answer is easy. We
have seen above that we constantly reason as gethmetrical figures behaved like
solids. What geometry would borrow from experimembuld be therefore the
properties of these bodies. The properties of ligit its propagation in a straight line
have also given rise to some of the propositiongeaimetry, and in particular to those
of projective geometry, so that from that pointvadw one would be tempted to say
that metrical geometry is the study of solids, prajective geometry that of light. But
a difficulty remains, and is unsurmountable. If qgetry were an experimental
sciencejt would not be an exact science. It would be sttbjé to

(50) continual revision. Nay, it would from thatydforth be proved to be erroneous,
for we know that no rigorously invariable solid stsi. The geometrical axioms are
therefore neither syntheticl priori intuitions nor experimental factsThey are
conventions. Our choice among all possible conwestis guidedby experimental
facts; but it remaindree, and is only limited by the necessity of avoidingesv
contradiction, and thus it is that postulates n&wain rigorously true even when the
experimental laws which have determined their adapare only approximate. In
other wordsthe axioms of geomet(y do not speak of those of arithmetare only
definitions in disguiseWhat, then, are we to think of the question: Is IEean
geometry true? It has no meaning. We might as asHlif the metric system is true,
and if the old weights and measures are falseaiteéSian co-ordinates are true and
polar coordinates false. One geometry cannot bes rtrae than another; it can only
be more convenient. Now, Euclidean geometry is, andl remain, the most
convenient: 1st, because it is the simplest, amlrnbt so only because of our mental
habits or because of the kind of direct intuitibattwe have of Euclidean space; it is
the simplest in itself, just as a polynomial of thest degree is simpler than a
polynomial of the second degree; 2nd, because fliciemtly agrees with the
properties of natural solids, those bodies which cae compare and measure by
means of our senses.

Endnotes

1. Logic, c. viii., cf. Definitions, ] 5-6.—TR.
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Science and Hypothesis
Chapter 4: Space and Geometry

SPACE AND GEOMETRY.

LET us begin with a little paradox. Beings whosendsi were made as ours, and with
senses like ours, but without any preliminary etiooa might receive from a suitably
—chosen external world impressions which would I&en to construct a geometry
other than that of Euclid, and to localise the mmeena of this external world in a
non-Euclidean space, or even in space of four dsmes. As for us, whose education
has been made by our actual world, if we were suigidieansported into this new
world, we should have no difficulty in referring ga@lomena to our Euclidean space.
Perhaps somebody may appear on the scene somehdayillvdevote his life to it,
and be able to represent to himself the fourth dsio.

Geometrical Space and Representative Spack is often said that the images we
form of external objects are localised in space, ewen that they can only be formed
on this condition. It is also said that this spaaéjch thus serves as a kind of
framework ready prepared for our sensations aneseptations, is identical with the
space of the

(52) geometers, having all the properties of tipaice. To all clear-headed men who
think in this way, the preceding statement mighli wppear extraordinary; but it is as
well to see if they are not the victims of somasibn which closer analysis may be
able to dissipate. In the first place, what aregitaperties of space properly so called
? | mean of that space which is the object of geopmend which | shall call
geometrical space. The following are some of theremassential —

1st it is continuous; 2nd, it is infinite; 3rd, i$ of three dimensions; 4th, it is
homogeneousthat is to say, all its points are idenhbne with another; 5th, it is
isotropic. Compare this now with the framework ofir orepresentations and
sensations, which | may caélpresentativespace.

Visual Space— First of all let us consider a purely visualpirassion, due to an
image formed on the back of the retina. A cursarglygsis shows us this image as
continuous, but as possessing only two dimensiarsch already distinguishes
purely visual from what may be called geometrigahce. On the other hand, the
image is enclosed within a limited framework; armgkre is a no less important
difference:this pure visual space is not homogenedlsthe points on the retina,
apart from the images which may be formed, do fey the samelrle. The yellow
spot can in no way be regarded as identical wjibiat on the

(53) edge of the retina. Not only does the sameattgroduce on it much brighter
impressions, but in the whole of thmited framework the point which occupies the
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centre will not appear identical with a point neae of the edges. Closer analysis no
doubt would show us that this continuity of vissphce and its two dimensions are
but an illusion. It would make visual space evenrendifferent than before from
geometrical space, but we may treat this remarkadental.

However, sight enables us to appreciate distanue,tlzerefore to perceive a third
dimension. But every one knows that this perceptiotihe third dimension reduces to
a sense of the effort of accommodation which mestriade, and to a sense of the
convergence of the two eyes, that must take placerder to perceive an object
distinctly. These are muscular sensations quiteerdit from the visual sensations
which have given us the concept of the two firstelsions. The third dimension will
therefore not appear to us as playing the santke as the two others. What may be
called completevisual space isnot therefore an isotropic space. It has, it i® tru
exactly three dimensions; which means that the ehsnof our visual sensations
(those at least which concur in forming the conadpextension) will be completely
defined if we know three of them; or, in mathematitanguage, they will be
functions of three independent variables. But klaok at the matter a little closer.
The third

(54) dimension is revealed to us in two differenayw by the effort of
accommodation, and by the convergence of the &y@sloubt these two indications
are always in harmony; there is between them ataphselation; or, in mathematical
language, the two variables which measure thesentwscular sensations do not
appear to us as independent. Or, again, to avoidppeal to mathematical ideas
which are already rather too refined, we may gkhiadhe language of the preceding
chapter and enunciate the same fact as followst twdl sensations of convergence A
and B are indistinguishable, the two sensationaccbmmodation A" and B' which
accompany them respectively will also be indistisable. But that is, so to speak,
an experimental fact. Nothing prevents uprisri from assuming the contrary, and if
the contrary takes place, if these two musculasaons both vary independently, we
must take into account one more independent variaold complete visual space will
appear to us as a physical continuum of four dinoess And so in this there is also a
fact of externalexperiment. Nothing prevents us from assuming #hbeing with a
mind like ours, with the same sense-organs as lvessemay be placed in a world in
which light would only reach him after being pasgaugh refracting media of
complicated form. The two indications which enalreto appreciate distances would
cease to tie connected by a constant relation.idglerlucating his

(55) senses in such a world would no doubt attelfour dimensions to complete
visual space.

Tactile and Motor Space— "Tactile space" is more complicated still thasual
space, and differs even more widely from geomdtgpace. It is useless to repeat for
the sense of touch my remarks on the sense of €ghboutside the data of sight and
touch there are other sensations which contribsitsmach and more than they do to
the genesis of the concept of space. They are thbgeh everybody knows, which
accompany all our movements, and which we usualllymuscular sensations. The
corresponding framework constitutes what may b&edahotor spaceEach muscle
gives rise to a special sensation which may becas®d or diminished so that the
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aggregate of our muscular sensations will depemth @ many variables as we have
muscles. From this point of viemotor space would have as many dimensions as we
have muscles.know that it is said that if the muscular sensaioantribute to form

the concept of space, it is because we have thseseh thedirection of each
movement, and that this is an integral part ofgéesation. If this were so, and if a
muscular sense could not be aroused unless it ase@mpanied by this geometrical
sense of direction, geometrical space would cdytdie a form imposed upon our
sensitiveness. But | do not see this at all whandlyse my sensations. What | do see
is that the sensations which correspond to movesnient

(56) the same direction are connected in my mind Bimpleassociation of ideadt

is to this association that what we call the sesfsdirection is reduced. We cannot
therefore discover this sense in a single sensalibis association is extremely
complex, for the contraction of the same muscle m@ayespond, according to the
position of the limbs, to very different movemends direction. Moreover, it is
evidently acquired ; it is like all associationsidéas, the result of mabit. This habit
itself is the result of a very large numbereaperimentsand no doubt if the education
of our senses had taken place in a different mediuhrere we would have been
subjected to different impressions, then contraapits would have been acquired,
and our muscular sensations would have been asste@eacording to other laws.

Characteristics of Representative Spaee Thus representative space in its triple
form — visual, tactile, and motor — differs essaltyi from geometrical space. It is
neither homogeneous nor isotropic; we cannot eagrttsat it is of three dimensions.
It is often said that we " project " into geomeditispace the objects of our external
perception; that we " localise " them. Now, had #way meaning, and if so what is
that meaning ? Does it mean that vepresentto ourselves external objects in
geometrical space ? Our representations are oalygproduction of our sensations;
they cannot therefore be arranged in the same franke— that is to say, in
representative

(57) space. It is also just as impossible for uefwesent to ourselves external objects
in geometrical space, as it is impossible for afesito paint on a flat surface objects
with their three dimensions. Representative spacenly an image of geometrical
space, an image deformed by a kind of perspectiud, we can only represent to
ourselves objects by making them obey the lawsisfgerspective. Thus we do not
represent twurselves external bodies in geometrical spacewbueéasonabout these
bodies as if they were situated in geometrical sp&t¢hen it is said, on the other
hand, that we "localise " such an object in suploiat of space, what does it medh?
simply means that we represent to ourselves theements that must take place to
reach that object.And it does not mean that to represent to ourseblhese
movements they must be projected into space, aadthie concept of space must
therefore pre-exist. When | say that we representitselves these movements, | only
mean that we represent to ourselves the muscuisatens which accompany them,
and which have no geometrical character, and wtiiehefore in no way imply the
pre-existence of the concept of space.
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Changes of State and Changes of PositieiBut, it may be said, if the concept of
geometrical space is not imposed upon our minds,ifaon the other hand, none of
our sensations can furnish us with that concept, then did it ever come into

(58) existence ? This is what we have now to exapand it will take some time; but

| can sum up in a few words the attempt at explanathich | am going to develop.
None of our sensations, if isolated, could haveught us to the concept of space; we
are brought to it solely by studying the laws byichtithose sensations succeed one
another.We see at first that our impressions are subjeahenge; but among the
changes that we ascertain, we are very soon lethi@ a distinction. Sometimes we
say that the objects, the causes of these impressimave changed their state,
sometimes that they have changed their positiat,ttiey have only been displaced.
Whether an object changes its state or only it#tipasthis is always translated for us
in the same manndny a modification in an aggregate of impressidiew then have
we been enabled to distinguish them ? If there wahg change of position, we could
restore the primitive aggregate of impressions laking movements which would
confront us with the movable object in the samlative situation. We thugorrect
the modification which was produced, and we redistalthe initial state by an
inverse modification. If, for example, it were aegtion of the sight, and if an object
be displaced before our eyes, we can "follow ihwite eye," and retain its image on
the same point of the retina by appropriate moveseri the eyeball. These
movements we arc conscious of because thewamtary, and because they are
accompanied by

(59) muscular sensations. But that does not meatnatl represent them to ourselves
in geometrical space. So what characterises chaihpgesition, what distinguishes it
from change of state, is that it can alwaysbeectedby this means. It may therefore
happen that we pass from the aggregate of impresgioto the aggregate B in two
different ways. First, involuntarily and without geriencing muscular sensations —
which happens when it is the object that is disgdasecondly, voluntarily, and with
muscular sensation — which happens when the olgegtotionless, but when we
displace ourselves in such a way that the objextrélative motion with respect to us.
If this be so, the translation of the aggregate Ahe aggregate B is only a change of
position. It follows that sight and touch could ri@ive given us the idea of space
without the help of the "muscular sense.” Not acyld this concept not be derived
from a single sensation, or even fr@rseries of sensationbut amotionlessbeing
could never have acquired it, because, not beifggtalrorrect by his movements the
effects of the change of position of external otgebe would have had no reason to
distinguish them from changes of state. Nor wowddchhve been able to acquire it if
his movements had not been voluntary, or if theyewenaccompanied by any
sensations whatever.

Conditions of Compensation- How is such a compensation possible in such a way

that two

(60) changes, otherwise mutually independent, maydeiprocally corrected ? A
mind already familiar with geometryvould reason as follows: — If there is to be
compensation, the different parts of the exterrigeat on the one hand, and the
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different organs of our senses on the other, meish Ithe sameelative position after
the double change. And for that to be the casedifferent parts of the external body
on the one hand, and the different organs of ooses on the other, must have the
same relative position to each other after the doabange; and so with the different
parts of our body with respect to each other. lreowords, the external object in the
first change must be displaced as an invariable sebuld be displaced, and it must
also be so with the whole of our body in the secomange, which is to correct the
first. Under these conditions compensation may tmelyred. But we who as yet
know nothing of geometry, whose ideas of spacaarget formed, we cannot reason
in this way — we cannot predict priori if compensation is possible. But experiment
shows us that it sometimes does take place, arglasefrom this experimental fact in
order to distinguish changes of state from chao§g®sition.

Solid Bodies and Geometry— Among surrounding objects there are some which
frequently experience displacements that may be tarrected by a correlative
movement of our own body—namelplid bodies. Thether objects, whose form is
vari

(61) -able, only in exceptional circumstances ugdesimilar displacement (change of
position without change of form). When the disptaeat of a body takes place with
deformation, we can no longer by appropriate, mams place the organs of our
body in the sameelative situation with respect to this body; we can no kEmg
therefore, reconstruct the primitive aggregaftenpressions.

It is only later, and after a series of new experniis, that we learn how to decompose
a body of variable form into smaller elements sutlat each is displaced
approximately according to the same law:, as sbbdies. We thus distinguish
"deformations” from other changes of state. In ¢heéeformations each element
undergoes a simple change of position which magdreected; but the modification
of the aggregate is more profound, and can no lohgecorrected by a correlative
movement. Such a concept is very complex eveniastage, and has been relatively
slow in its appearance. It would not have been ewmed at all had not the
observationof solid bodies shown us beforehand how to distinguwkhngesof
position.

If, then, there were no solid bodies in nature ¢henould be no geometry.

Another remark deserves a moment's attention. Sappo solid body to occupy
successively the positions and in the first position it will give us an aggregaf
impressions A, and iii the second position the aggte of impressions B. Now let

(62) there be a second solid body, of qualitiesr&gtdifferent from the first —of
different colour, for instance. Assume it to passif the position a, where it gives us
the aggregate of impressions A' to the positionwhere it gives the aggregate of
impressions B'. In general, the aggregate A willehaothing in common with the
aggregate A', nor will the aggregate B have angtiincommon with the aggregate
B'. The transition from the aggregate A to the aggte B, and that of the aggregate
A' to the aggregate B', are therefore two chand@shninthemselvebtave in general
nothing in common. Yet we consider both these chanas displacements; and,
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further, we consider them treamedisplacement. How can this be ? It is simply
because they may be both corrected bysdraecorrelative movement of our body. "
Correlative movement," therefore, constitutes gwe connectionbetween two
phenomena which otherwise we should never havergréaf connecting.

On the other hand, our body, thanks to the numbéis @rticulations and muscles,
may have a multitude of different movements, bLlaed not capable of "correcting "
a modification of external objects; those alone @pable of it in which our whole
body, or at least all those in which the organsoof senses enter into play are
displaceden bloc — i.e.without any variation of their relative positiorss in the
case of a solid body.

(63)
To sum up

1. In the first place, we distinguish two categsrief phenomena: — The first

involuntary, unaccompanied by muscular sensati@rg] attributed to external

objects—they are external changes; the secongpafsite character and attributed to
the movements of our own body, are internal changes

2. We notice that certain changes of each in tkhasegories may be corrected by a
correlative change of the other category.

3. We distinguish among external changes thosehi#nat a correlative in the other
category — which we call displacements; and inshime way we distinguish among
the internal changes those which have a correlatitiee first category.

Thus by means of this reciprocity is defined aipalar class of phenomena called
displacementsThe laws of these phenomena are the object of ggome

Law of Homogeneity—The firstof these laws is the law of homogeneity. Suppose
that by an external change we pass from the aggregfaimpressions A to the
aggregate B, and that then this change is correbtedh correlative voluntary
movement(], so that we are brought back to the aggregate upp&e now that
another external change ' brings us again fromatiggegate A to the aggregate B.
Experiment then shows us that this change ', hikechange a, may be corrected by a
voluntary correlative movement', and that this movement of corre-

(64) sponds to the same 'muscular sensations amdkement’] which corrected .

This fact is usually enunciated as follows : — Sp&chomogeneous and isotropic.
We may also say that a movement which is once pextlmay be repeated a second
and a third time, and so on, without any variatbits properties. In the first chapter,
in which we discussed the nature of mathematicadaring, we saw the importance
that should be attached to the possibility of réipgahe same operation indefinitely.
The virtue of mathematical reasoning is due to tepetition; by means of the law of
homogeneity geometrical facts are apprehended. &8 @dmplete, to the law of
homogeneity must be added a multitidether laws, into the details @fhich | do
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not propose to enter, but which mathematicians symby saying that these
displacements form a "group.”

The Non-Euclidean World— If geometrical space were a framework imposad o
each of our representations considered individually,wibuld be impossible to
represent to ourselves an image without this fraonkwand we should be quite
unable to change our geometry. But this is noctds®; geometry is only the summary
of the laws by which these images succeed each. athere is nothing, therefore, to
prevent us from imagining a series of represemafigimilar in every way to our
ordinary representations, but succeeding one anatteording to laws which differ
from those to which we are accustomed. We

(65) may thus conceive that beings whose educa@sntaken place in a medium in
which those laws would be so different, might haveery different geometry from
ours.

Suppose, for example, a world enclosed in a lapper® and subject to the following
laws:—The temperature is not uniform; it is greatasthe centre, and gradually
decreases as we move towards the circumferendeeddpthere, where it is absolute
zero. The law of this temperature is as followsfR bbe the radius of the sphere, and
r the distance of the point considered from thereemlie absolute temperature will be
proportional to Rr?. Further, | shall suppose that in this world aldes have the
same co-efficient of dilatation, so that the linddatation of any body is proportional
to its absolute temperature. Finally, | shall assuhat a body transported from one
point to another of different temperature is insaeously in thermal equilibrium
with its new environment. There is nothing in thbBgpotheses either contradictory or
unimaginable. A moving object will become smalladamaller as it approaches the
circumference of the sphere. Let us observe, ifiteeplace, that although from the
point of view of our ordinary geometry this worlsl finite, to its inhabitants it will
appear infinite. As they approach the surface efgphere they become colder, and at
the same time smaller and smaller. The steps Hiaydre therefore also smaller and
smaller, so that they can never reach the bourafahe

(66) sphere. If to us geometry is only the studythed laws according to which
invariable solids move, to these imaginary beirigsili be the study of the laws of
motion of solidedeformed by the differences of temperatlhaded to.

No doubt, in our world, natural solids also expecie variations of form and volume
due to differences of temperature. But in laying foundations of geometry we
neglect these variations; for besides being but lisiieey are irregular, and
consequently appear to us to be accidental. Inhgpothetical world this will no
longer be the case, the variations will obey vemyptée and regular laws. On the other
hand, the different solid parts of which the bodé&shese inhabitants are composed
will undergo the same variations of form and volume

Let me make another hypothesis: suppose thatpasses through media of different

refractive indices, such that the index of refractis inversely proportional to’R?%
Under these conditions it is clear that the raysgbit will no longer be rectilinear but
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circular. To justify what has been said, we haverve that certain changes in the
position of external objects may be corrected hyetative movements of the beings
which inhabit this imaginary world; and in such aywas to restore the primitive

aggregate of the impressions experienced by thes#@est beings. Suppose, for
example, that au object is displaced and deformetl)ike an invariable solid, but

like a

(67) solid subjected to unequal dilatations in éxeonformity with the law of
temperature assumed above. To use an abbreviatoshall call such a movement a
non-Euclidean displacement.

If a sentient being be in the neighbourhood of saictisplacement of the object, his
impressions will be modified; but by moving in atable manner, he may reconstruct
them. For this purpose, all that is required id tha aggregate of the sentient being
and the object, considered as forming a single petgll experience one of those
special displacements which | have just called Baoldean. This is possible if we
suppose that the limbs of these beings dilate dougito the same laws as the other
bodies of the world they inhabit.

Although from the point of view of our ordinary gaetry there is a deformation of

the bodies in this displacement, and although ttiéerent parts are no longer in the
same relative position, nevertheless we shall saethe impressions of the sentient
being remain the same as before; in fact, thoughrtbtual distances of the different
parts have varied, yet the parts which at firstemer contact are still in contact. It

follows that tactile impressions will be unchangé&h the other hand, from the

hypothesis as to refraction and the curvature efrttys of light, visual impressions

will also be unchanged. These imaginary beings thidrefore be led to classify the

phenomena they observe, and to distinguish amaeg the " changes of position,"

which may be corrected

(68) by a voluntary correlative movement, just &sde.

If they construct a geometry, it will not be likaurs, which is the study of the
movements of our invariable solids; it will be teidy of the changes of position
which they will have thus distinguished, and widl bnon-Euclidean displacements,"
andthis will be non-Euclidean geometrgo that beings like ourselves, educated in
such a world, will not have the same geometry as.ou

The World of Four Dimensions— Just as we have pictured to ourselves a non-
Euclidean world, so we may picture a world of faimensions. The sense of light,
even with one eye, together with the muscular sersarelative to the movements of
the eyeball, will suffice to enable us to concedfespace of three dimensions. The
images of external objects are painted on the agtimhich is a plane of two
dimensions; these amerspectivesBut as eye and objects are movable, we see in
succession different perspectives of the same lhaklgn from different points of
view. We find at the same time that the transifimm one perspective to another is
often accompanied by muscular sensations. If #esition from the perspective A to
the perspective B, and that of the perspective M\¢ perspective B' are accompanied
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by the same muscular sensations, we connect theme al® other operations of the
same nature. Then when we study the laws

(69) according to which these operations are coethiwe see that they form a group,
which has the same structure as that of the movenodénnvariable solids. Now, we
have seen that it is from the properties of thisugrthat we derive the idea of
geometrical space and that of three dimensions.the understand hove these
perspectives gave rise to the conception of thr@memsions, although each
perspective is of only two dimensions, — becaisy succeed each other according
to certain laws.Well, in the same way that we draw the perspective three-
dimensional figure on a plane, so we can draw dhat four-dimensional figure on a
canvas of three (or two) dimensions. To a geontéisris but child's play. We can
even draw several perspectives of the same figuma teveral different points of
view. We can easily represent to ourselves thessppetives, since they are of only
three dimensions. Imagine that the different parspes of one and the same object
to occur in succession, and that the transitiomfome to the other is accompanied by
muscular sensations. It is understood that we sbakider two of these transitions as
two operations of the same nature when they amceded with the same muscular
sensations. There is nothing, then, to preventam fmagining that these operations
are combined according to any law we choose—fdaims, by forming a group with
the same structure as that of the movements afamiable four-dimensional solid.

(70) In this there is nothing that we cannot repnégo ourselves, and, moreover,
these sensations are those which a being wouldrierge who has a retina of two
dimensions, and who may be displaced in spacewfdimensions. In this sense we
may say that we can represent to ourselves théhfdimension.

Conclusions— It is seen that experiment plays a consideradik in the genesis of
geometry; but it would be a mistake to concludenfrimat that geometry is, even in
part, an experimental science. If it were experitalent would only be approximative
and provisory. And what a rough approximation itNadobe! Geometry would be only
the study of the movements of solid bodies; buteality, it is not concerned with
natural solids: its object is certain ideal solidbsolutely invariable, which are but a
greatly simplified and very remote image of therheToncept of these ideal bodies
is entirely mental, and experiment is but the oppuoty which enables us to reach the
idea. The object of geometry is the study of aipaldr "group”; but the general
concept of group pre-exists in our minds, at Igadentially. It is imposed on us not
as a form of our sensitiveness, but as a form ofuaderstanding; only, from among
all possible groups, we must choose one that velithe standard,so to speak, to
which we shall refer natural phenomena.

Experiment guides us in this choice, which it does impose on us. It tells us not
what is the

(71) truest, but what is the most convenient gegmdt will be noticed that my
description of these fantastic worlds has requimedlanguage other than that of
ordinary geometry. Then, were we transported tesehworlds, there would be no
need to change that language. Beings educated wWmikl no doubt find it more

42



43

convenient to create a geometry different from pwansd better adapted to their
impressions; but as for us, in the presence ofk#me impressions, it is certain that
we should not find it more convenient to make angea
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Science and Hypothesis
Chapter 5: Experiment and Geometry

EXPERIMENT AND GEOMETRY.,

1. | have on several occasions in the precedinggptged to show how the principles
of geometry are not experimental facts, and thatmicular Euclid's postulate cannot
be proved by experiment. However convincing thesoaa already given may appear
to me, | feel | must dwell upon them, because tleig profoundly false conception
deeply rooted in many minds.

2. Think of a material circle, measure its radind aircumference, and see if the ratio
of the two lengths is equal to . What have we dove?have made an experiment on
the properties of the matter with which thigindness habeen realised, and of which

the measure we used is made.

3. Geometry andhstronomy. — The same question may also be askexhather
way. If Lobatschewsky's geometry is true, the paxabf a very distant star will be
finite. If Riemann's is true, it will be negativ€hese are the results which seem
within the reach of experiment, and it is hoped tstronomical observations may
enable us to decide between the two geometries. But

(73) what we call a straight line in astronomyim@y the path of a ray of light. If,
therefore, we were to discover negative parallageso prove that all parallaxes are
higher than a certain limit, we should have a chdietween two conclusions: we
could give up Euclidean geometry, or modify the da@f optics, and suppose that
light is not rigorously propagated in a straigheli It is needless to add that every one
would look upon this solution as the more advartage Euclidean geometry,
therefore, has nothing to fear from fresh experitsien

4. Can we maintain that certain phenomena whichpassible in Euclidean space
would be impossible in non-Euclidean space, soglkperiment in establishing these
phenomena would directly contradict the non-Eudidéypothesis? | think that such
a question cannot be seriously asked. To me ixasty equivalent to the following,
the absurdity of which is obvious: — There are tesgwhich can be expressed in
metres and centimetres, but cannot be measuresisest feet, and inches; so that
experiment, by ascertaining the existence of thesgths, would directly contradict
this hypothesis, that there are toises divided simtdeet. Let us look at the question a
little more closely. | assume that the straighelin Euclidean space possesses any
two properties, which | shall call A and B; that mon-Euclidean space it still
possesses the property A, but no longer possdssg@sdperty B ; and, finally, |

(74) assume that in both Euclidean and non-Eudiidgzace the straight line is the
only line that possesses the property A. If thisenso, experiment would be able to
decide between the hypotheses of Euclid and Lobatgsky. It would be found that
some concrete object, upon which we can experimefir example, a pencil of rays
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of light —possesses the property A. We should eaielthat it is rectilinear, and we
should then endeavour to find out if it does, cegloot, possess the property B. But it
iS not so. There exists no property which can, titis property A, be an absolute
criterion enabling us to recognise the straighe,liand to distinguish it from every
other line. Shall we say, for instance, " This @y will be the following: the
straight line is a line such that a figure of whtbis line is a part can move without
the mutual distances of its points varying, anduoh a way that all the points in this
straight line remain fixed" ? Now, this is a pragewhich in either Euclidean or non-
Euclidean space belongs to the straight line, aldnigs to it alone. But how can we
ascertain by experiment if it belongs to any patic concrete object ? Distances
must be measured, and how shall we know that angrete magnitude which | have
measured with my material instrument really repnésehe abstract distance? We
have only removed the difficulty a little farthém.reality, the property that | have just
enunciated is not a property of the straight line

(75) alone; it is a property of the straight linedeof distance. For it to serve as an
absolute criterion, we must be able to show, ndy tmt it does not also belong to

any other line than the straight line and to diséarbut also that it does not belong to
any other line than the straight line, and to athepomagnitude than distance. Now,
that is not true, and if we are not convinced sthconsiderations, | challenge any
one to give me a concrete experiment which cannbergreted in the Euclidean

system, and which cannot be interpreted in theeaystf Lobatschewsky. As | am

well aware that this challenge will never be acedptl may conclude that no

experiment will ever be in contradiction with Ewutd postulate; but, on the other
hand, no experiment will ever be in contradictiathw.obatschewsky's postulate.

5. But it is not sufficient that the Euclidean (@n-Euclidean) geometry can ever be
directly contradicted by experiment. Nor could @plpen that it can only agree with
experiment by a violation of the principle of saféint reason, and of that of the
relativity of space. Let me explain myself. Considay material system whatever.
We have to consider on the one hand the " staté the various bodies of this
system—for example, their temperature, their elegiotential, etc.; and on the other
hand their position in space. And among the dat&lwlenable us to define this
position we distinguish the mutual distances ot¢éhbodies that define their relative
positions,

(76) and the conditions which define the absolubsitpn of the system and its
absolute orientation in space. The law of the phema which will be produced in
this system will depend on the state of these Isodied on their mutual distances; but
because of the relativity and the inertia of sp#itey will not depend on the absolute
position and orientation of the system. In otherdgpthe state of the bodies and their
mutual distances at any moment will solely dependhe state of the same bodies
and on their mutual distances at the initial mombat will in no way depend on the
absolute initial position of the system and ofatssolute initial orientation. This is
what we shall call, for the sake of abbreviatithe law of relativity.

So far | have spoken as a Euclidean geometer. Biatvé said that an experiment,

whatever it may be, requires an interpretationfenEuclidean hypothesis; it equally
requires one on the non-Euclidean hypothesis. Wedl, have made a series of
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experiments. We have interpreted them on the Eemfidhypothesis, and we have
recognised that these experiments thus interprei@dnot violate this "law of
relativity.” We now interpret them on the non-Edelan hypothesis. This is always
possible, only the non-Euclidean distances of oifferént bodies in this new
interpretation will not generally be the same ae tuclidean distances in the
primitive interpretation. Will our experiment infgeted in this new manner

(77) be still in agreement with our " law of relatly,” and if this agreement had not
taken place, would we not still have the right &y shat experiment has proved the
falsity of non-Euclidean geometry? It is easy te 8wt this is an idle fear. In fact, to
apply the law of relativity in all its rigour, it ust be applied to the entire universe; for
if we were to consider only a part of the univeimead if the absolute position of this
part were to vary, the distances of the other sodig¢he universe would equally vary;
their influence on the part of the universe conm&@demight therefore increase or
diminish, and this might modify the laws of the pbmena which take place in it. But
if our system is the entire universe, experimemowerless to give us any opinion on
its position and its absolute orientation in spakk.that our instruments, however
perfect they may be, can let us know will be thetestof the different parts of the
universe, and their mutual distances. Hence, aurdfarelativity may be enunciated
as follows: — The readings that we can make with iostruments at any given
moment will depend only on the readings that weewale to make on the same
instruments at the initial moment. Now such an emtion is independent of all
interpretation by experiments. If the law is trnghe Euclidean interpretation, it will
be also true in the non-Euclidean interpretatioliovh me to make a short digression
on this point. | have spoken above of the data wHifine the position

(78) of the different bodies of the system. | migigo have spoken of those which
define their velocities. | should then have toidmish the velocity with which the

mutual distances of the different bodies are chamgand on the other hand the
velocities of translation and rotation of the systehat is to say, the velocities with
which its absolute position and orientation arengag. For the mind to be fully

satisfied, the law of relativity would have to beuaciated as follows: — The state of
bodies and their mutual distances at any given manas well as the velocities with
which those distances are changing at that momelhtdepend only on the state of
those bodies, on their mutual distances at th&almtoment, and on the velocities
with which those distances were changing at thgainmoment. But they will not

depend on the absolute initial position of the esysihor on its absolute orientation,
nor on the velocities with which that absolute posiand orientation were changing
at the initial moment. Unfortunately, the law thesunciated does not agree with
experiments — at least, as they are ordinarilyrpreted. Suppose a man were
translated to a planet, the sky of which was cantist@overed with a thick curtain of

clouds, so that he could never see the other €arshat planet he would live as if it
were isolated in space. But he would notice thaevblves, either by measuring its
ellipticity (which is ordinarily done by means afteonomical observations, but which

(79) could be done by purely geodesic means), olrdpeating the experiment of
Foucault's pendulum. The absolute rotation of phéet might be clearly shown in
this way. Now, here is a fact which shocks thegstdpher, but which the physicist is
compelled to accept. We know that from this factvidm concluded the existence of
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absolute space. | myself cannot accept this wdgaking at it. | shall explain why in
Part Ill., but for the moment it is not my intemi®o discuss this difficulty. | must
therefore resign myself, in the enunciation of thes of relativity, to including
velocities of every kind among the data which define state of the bodies. However
that may be, the difficulty is the same for bothcklls geometry and for
Lobatschewsky's.

| need not therefore trouble about it further, &hdve only mentioned it incidentally.
To sum up, whichever way we look at it, it is impiide to discover in geometric
empiricism a rational meaning.

6. Experiments only teach us the relations of botiieone another. They do not and
cannot give us the relations of bodies and space,thre mutual relations of the
different parts of space. "Yes!" you reply, " aglen experiment is not enough,
because it only gives us one equation with sewerkhowns; but when | have made
enough experiments | shall have enough equationaltolate all my unknowns." If |
know the height of the main-mast, that is not sigfit to enable

(80) me to calculate the age of the captain. Whenhave measured every fragment
of wood in a ship you will have many equations, Yot will be no nearer knowing
the captain's age. All your measurements bearingoon fragments of wood can tell
you only what concerns those fragments; and sitpjlgiour experiments, however
numerous they may be, referring only to the refetiof bodies with one another, will
tell you nothing about the mutual relations of dliféerent parts of space.

7. Will you say that if the experiments have refieeto the bodies, they at least have
reference to the geometrical properties of the émdtirst, what do you understand by
the geometrical properties of bodies ? | assunittima question of the relations of
the bodies to space. These properties thereforaaineached by experiments which
only have reference to the relations of bodiesrte another, and that is enough to
show that it is not of those properties that theae be a question. Let us therefore
begin by making ourselves clear as to the sensleegphrase: geometrical properties
of bodies. When | say that a body is composed wérs¢ parts, | presume that | am
thus enunciating a geometrical property, and thlitbe true even if | agree to give
the improper name of points to the very small phas considering. When | say that
this or that part of a certain body is in contathvthis or that part of another body, |
am

(81) enunciating a proposition which concerns thaual relations of the two bodies,
and not their relations with space. | assume tbatwill agree with me that these are
not geometrical properties. | am sure that at lgastwill grant that these properties
are independent of all knowledge of metrical gesyneéfdmitting this, | suppose that
we have a solid body formed of eight thin iron rooa, ob, oc, od, oe, of, og, oh,
connected at one of their extremities, 0. And ketake a second solid body — for
example, a piece of wood, on which are marked thitée spots of ink which | shall
call . I now suppose that we find that we can biirig contact | with ago; by that |
mean with a, and at the same timewith g, and with o. Then we can successively
bring into contact witlbgo, cgo, dgo, ego, fgthen withaho, bho, cho, dho, eho, tho;
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and then ay successively widlb, bc, cd, de, ef, f&low these are observations that
can be made without having any idea beforehandoa$ed form or the metrical
properties of space. They have no reference whatewbe "geometrical properties of
bodies." These observations will not be possibteafbodies on which we experiment
move in a group having the same structure as thmatsochewskian group (I mean
according to the same laws as solid bodies in lsub&wsky's geometry). They
therefore suffice to prove that these bodies maeerming to the Euclidean group; or
at least that they do not move according

(82) to the Lobatschewskian group. That they magdiapatible with the Euclidean
group is easily seen; for we might make them gbefbody ay were an invariable
solid of our ordinary geometry in the shape ofghtdiangled triangle, and if the points
abcdefghwere the vertices of a polyhedron formed of twouteg hexagonal
pyramids of our ordinary geometry haviagcdefas their common base, and having
the one g and the othéras their vertices. Suppose now, instead of theiqguev
observations, we note that we can as before apyplguecessively t@ago, bgo, ego,
dgo, ego, fgo, aho, bho, cho, dho, eho, fdama then that we can apply dand no
longer ) successively tb, bc, cd, de, egndfa. These are observations that could be
made if non-Euclidean geometry were true. If thdiés ,0abcdefghwere invariable
solids, if the former were a right angled triangdad the latter a double regular
hexagonal pyramid of suitable dimensions. These werifications are therefore
impossible if the bodies move according to the Eean group; but they become
possible if we suppose the bodies to move accortirthe Lobatschewskian group.
They would therefore suffice to show, if we carrigebm out, that the bodies in
guestion do not move according to the Euclideanmrénd so, without making any
hypothesis on the form and the nature of spaceaherrelations of the bodies and
space, and without attributing to bodies any gedon#tproperty, | have made
observations

(83) which have enabled me to show in one casethigabodies experimented upon
move according to a group, the structure of whickuclidean, and in the other case,
that they move in a group, the structure of whigh.obatschewskian. It cannot be
said that all the first observations would constitan experiment proving that space is
Euclidean, and the second an experiment provingsitece is non-Euclidean ; in fact,
it might be imagined (note that | use the worégined)that there are bodies moving
in such a manner as to render possible the se@riesd ®f observations: and the proof
is that the first mechanic who came our way cowldstruct it if he would only take
the trouble. But you must not conclude, howevedit #pace is non-Euclidean. In the
same way, just as ordinary solid bodies would camito exist when the mechanic
had constructed the strange bodies | have justiomad, he would have to conclude
that space is both Euclidean and non-Euclideanp&e for instance, that we have a
large sphere of radius R, and that its temperaderreases from the centre to the
surface of the sphere according to the law of whispoke when | was describing the
nonEuclidean world. We might have bodies whosetatilan is negligeable, and
which would behave as ordinary invariable solidsj,aon the other hand, we might
have very dilatable bodies, which would behave @s-Buclidean solids. We might
have two double pyramidasabcdefghand

rectilinear, and the second curvilinear. The trlangould consist of undilatable
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matter, and the other of very dilatable matter. Wight therefore make our first
observations with the double pyramid'a’h’ and the triangle ' ' '

And then the experiment would seem to show, fitsif Euclidean geometry is true,
and then that it is false. Hen@xperiments have reference not to space but taebodi

SUPPLEMENT.

8. To round the matter off, | ought to speak ofeayvdelicate question, which will
require considerable development; but | shall canfinyself to summing up what |
have written in th&kevue de Mtaphysique et de Morakend in theMonist. When we
say that space has three dimensions, what do we W@ have seen the importance
of these " internal changes "which are revealedigdy our muscular sensations.
They may serve to characterise the different aktisuof our body. Let us take
arbitrarily as our origin one of these attitudes, \When we pass from this initial
attitude to another attitude B we experience asesf muscular sensations, and this
series S of muscular sensations will define B. @esehowever, that h e shall often
look upon two series 5 and S' as defining the saititede B (since the

(85) initial and final attitudes A and B remainitige same, the intermediary attitudes
of the corresponding sensations may differ). Hownthcan we recognise the
equivalence of these two series ? Because theysarag to compensate for the same
external change, or more generally, because, whemiquestion of compensation for
an external change, one of the series may be explag the other. Among these
series we have distinguished those which can atmmpensate for an external
change, and which we have called "displacements.'W& cannot distinguish two
displacements which are very close together, tlogeggte of these displacements
presents the characteristics of a physical contmutxperience teaches us that they
are the characteristics of a physical continuursixflimensions; but we do not know
as yet how many dimensions space itself possessese must first of all answer
another question. What is a point in space ? Eopgythinks he knows, but that is an
illusion. What we see when we try to representuiselves a point in space is a black
spot on white paper, a spot of chalk on a blackihoalivays an object. The question
should therefore be understood as follows:—Whait ehean when | say the object B
is at the point which a moment before was occupiedhe object A ? Again, what
criterion will enable me to recognise it ? | mehat@although | havenot moved (my
muscular sense tells me this), fimger, which just now touched the object A, is

(86) now touching the object B. | might have usedeo criteria — for instance,
another finger or the sense of sight — but the &irgerion is sufficient. | know that if

it answers in the affirmative all other criterialingive the same answer. | know it
from experiment. | cannot know it priori. For the same reason | say that touch
cannot be exercised at a distance; that is anotlar of enunciating the same
experimental fact. If | say, on the contrary, tkaght is exercised at a distance, it
means that the criterion furnished by sight mayegwn affirmative answer while the
others reply in the negative.

To sum up. For each attitude of my body my fingetedmines a point, and it is that
and that only which defines a point in space. Tahestitude corresponds in this way
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a point. But it often happens that the same poartesponds to several different
attitudes (in this case we say that our finger i@tsmoved, but the rest of our body
has). We distinguish, therefore, among changestibiide those in which the finger
does not move. How are we led to this ? It is bseame often remark that in these
changes the object which is in touch with the fmgenains in contact with it. Let us
arrange then in the same class all the attitudeshwdre deduced one from the other
by one of the changes that we have thus distingdisfio all these attitudes of the
same class will correspond the same point in spdten to each class will
correspond a point, and to

(87) each point a class. Yet it may be said thaatwie get from this experiment is
not the point, but the class of changes, or, beitillr the corresponding class of
muscular sensations. Thus, when we say that sgecéhlee dimensions, we merely
mean that the aggregate of these classes appeasswith the characteristics of a
physical continuum of three dimensions. Then itéad of defining the points in
space with the aid of the first finger, | use, @&tample, another finger, would the
results be the same ? That is by no meanmiori evident. But, as we have seen,
experiment has shown us that all our criteria aragreement, and this enables us to
answer in the affirmative. If we recur to what wave called displacements, the
aggregate of which forms, as we have seen, a graap,shall be brought to
distinguish those in which a finger does not maueg by what has preceded, those
are the displacements which characterise a poispace, and their aggregate will
form a sub-group of our group. To each sub-grouthisfkind, then, will correspond
a point in space. We might be tempted to conclhdé éxperiment has taught us the
number of dimensions of space; but in reality oxpegiments have referred not to
space, but to our body and its relations with nieighing objects. What is more, our
experiments are exceeding crude. In our mind ttentadea of a certain number of
groups pre-existed : these are the groups withiwhie's theory is con-

(88) -cerned. Which shall we choose to form a lahdtandard by which to compare
natural phenomena? And when this group is choskrtiwof the sub-groups shall we
take to characterise a point in space ? Experitnasitguided us by showing us what
choice adapts itself best to the properties oftmaty; but there its'trle ends.
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Science and Hypothesis
Chapter 6: Classical Mechanics

THE CLASSICAL MECHANICS.

THE English teach mechanics as an experimentahesgejeon the Continent it is
taught always more or less as a deductivelamtiori science. The English are right,
no doubt. How is it that the other method has hmansisted in for so long; how is it
that Continental scientists who have tried to escépm the practice of their
predecessors have in most cases been unsucces€inl the other hand, if the
principles of mechanics are only of experimentaigior are they not merely
approximate and provisory ? May we not be somecdaypelled by new experiments
to modify or even to abandon them? These are tlestiguns which naturally arise,
and the difficulty of solution is largely due toetliact that treatises on mechanics do
not clearly distinguish between what is experimeviat is mathematical reasoning,
what is convention, and what is hypothesis. Thisoisall.

(90)

1. There is no absolute space, and we only cona#ivelative motion; and yet in
most cases mechanical facts are enunciated asré th an absolute space to which
they can be referred.

2. There is no absolute time. When we say thatpgemods are equal, the statement
has no meaning, and can only acquire a meaningchyeention.

3. Not only have we no direct intuition of the elifyeof two periods, but we have not
even direct intuition of the simultaneity of twoests occurring in two different
places. | have explained this in an article ertitldlesure du Temps[1]

4. Finally, is not our Euclidean geometry in itselfly a kind of convention of
language ? Mechanical facts might be enunciated weiterence to a non-Euclidean
space which would be less convenient but quiteegsirnate as our ordinary space;
the enunciation would become more complicateditkaiill would be possible.

Thus, absolute space, absolute time, and even dggoare not conditions which are

imposed on mechanics. All these things no moretexibefore mechanics than the
French language can be logically said to have exittefore the truths which are
expressed in French. We might endeavour to enundla fundamental law of

mechanics in a language independent of all these

(91) conventions; and no doubt we should in thig get a clearer idea of those laws
in themselves. This is what M. Andrade has trieddpto some extent at any rate, in
his LelJons de MIcanique PhysiqueOf course the enunciation of these laws would
become much more complicated, because all theseentans have been adopted for
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the very purpose of abbreviating and simplifying #nunciation. As far as we are
concerned, | shall ignore all these difficultiest because | disregard them, far from
it; but because they have received sufficient &tianin the first two parts of the
book. Provisionally, then, we shall admit absohinee and Euclidean geometry.

The Principle of Inertia— A body under the action of no force can only move
uniformly in a straight line. Is this a truth immason the mind! priori ? If this be so,
how is it that the Greeks ignored it ? How coulelythhave believed that motion ceases
with the cause of motion? or, again, that everyybddhere is nothing to prevent it,
will move in a circle, the noblest of all forms mibtion ?

If it be said that the velocity of a body cannoawbe, if there is no reason for it to
change, may we not just as legitimately maintaat the position of a body cannot
change, or that the curvature of its path cannaingh, without the agency of an
external cause? Is, then, the principle of inemihjch is not an’l priori truth, an
experimental fact? Have there ever been experi-

(92) -ments on bodies acted on by no forces? drsh, ihow did we know that no
forces were acting? The usual instance is thathatllarolling for a very long time on
a marble table; but why do we say it is under ttteoa of no force ? Is it because it is
too remote from all other bodies to experience serysible action ? It is not further
from the earth than if it were thrown freely inteetair; and we all know that in that
case it would be subject to the attraction of tAghe Teachers of mechanics usually
pass rapidly over the example of the ball, but theg that the principle of inertia is
verified indirectly by its consequences. This isyvbadly expressed; they evidently
mean that various consequences may be verified byom general principle, of
which the principle of inertia is only a particuleaise. | shall propose for this general
principle the following enunciation: — The accel#a of a body depends only on its
position and that of neighbouring bodies, and ogirtielocities. Mathematicians
would say that the movements of all the materidiecudes of the universe depend on
differential equations of the second order. To mikelear that this is really a
generalisation of the law of inertia we may agadivéhrecourse to our imagination.
The law of inertia, as | have said above, is ngbased on us! priori; other laws
would be just as compatible with the principle affigient reason. If a body is not
acted upon by a force, instead of supposing

(93) that its velocity is unchanged we may supgbageits position or its acceleration
is unchanged.

Let us for a moment suppose that one of these am lis a law of nature, and
substitute it for the law of inertia: what will blee natural generalisation? A moment's
reflection will show us. In the first case, we nmsyppose that the velocity of a body
depends only on its position and that of neighbwubodies; in the second case, that
the variation of the acceleration of a body depemdyg on the position of the body
and of neighbouring bodies, on their velocities andelerations; or, in mathematical
terms, the differential equations of the motion idooe of the first order in the first
case and of the third order in the second.
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Let us now modify our supposition a little. Supp@sevorld analogous to our solar
system, but one. in which by a singular chancedtists of all the planets have
neither eccentricity nor inclination; and furthérsuppose that the masses of the
planets are too small for their mutual perturbatitmbe sensible. Astronomers living
in one of these planets would not hesitate to ecmtecthat the orbit of a star can only
be circular and parallel to a certain plane; theitpm of a star at a given moment
would then be sufficient to determine its veloatyd path. The law of inertia which
they would adopt would be the former of the two dtyyetical laws | have mentioned.

(94)

Now, imagine this system to be some day crossea lpody of vast mass and
immense velocity coming from distant constellatio#dl the orbits would be
profoundly disturbed. Our astronomers would noglesatly astonished. They would
guess that this new star is in itself quite capalbldoing all the mischief; but, they
would say, as soon as it has passed by, ordeagalin be established. No doubt the
distances of the planets from the sun will notheedame as before the cataclysm, but
the orbits will become circular again as soon asdisturbing cause has disappeared.
It would be only when the perturbing body is remated when the orbits, instead of
being circular are found to be elliptical, that thstronomers would find out their
mistake, and discover the necessity of reconstrgdtieir mechanics.

| have dwelt on these hypotheses, for it seemseadhat we can clearly understand
our generalised law of inertia only by opposintpifi contrary hypothesis.

Has this generalised law of inertia been verifigddxperiment, and can it be so
verified? When Newton wrote the Principia, he detyaregarded this truth as
experimentally acquired and demonstrated. It waghdas eyes, not only from the
anthropomorphic conception to which | shall latefler, but also because of the work
of Galileo. It was so proved by the laws of Kepl&ecording to those laws, in fact,
the path of a

(95) planet is entirely determined by its initiabgition and initial velocity; this,
indeed, — is what our generalised law of inertgurees.

For this principle to be only true in appearancdest we should fear that some day it
must be replaced by one of the analogous principlésh | opposed to it just now —
we must have been led astray by some amazing clsacbeas that which had led into
error our imaginary astronomers. Such an hypothesi® unlikely that it need not
delay us. No one will believe that there can bénstimnces; no doubt the probability
that two eccentricities are both exactly zero isgmaller than the probability that one
is 0.1 and the other 0.2. The probability of a dargwent is not smaller than that of a
complex one. If, however, the former does occurshall not attribute its occurrence
to chance; we shall not be inclined to believe theture has done it deliberately to
deceive us. The hypothesis of an error of this kiethg discarded, we may admit that
so far as astronomy is concerned our law has begfed by experiment.
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But Astronomy is not the whole of Physics. May wa fear that some day a new
experiment will falsify the law in some domain diysics? An experimental law is
always subject to revision; we may always expese®it replaced by some other and
more exact law. But no one seriously thinks thatldw of which we speak will ever
be abandoned or amended. Why?

(96) Precisely because it will never be submitted tecisive test.

In the first place, for this test to be completéttee bodies of the universe must return
with their initial velocities to their initial posons after a certain time. We ought then
to find that they would resume their original patBsit this test is impossible; it can
be only partially applied, and even when it is &gplthere will still be some bodies
which will not return to their original position§hus there will be a ready explanation
of any breaking down of the law.

Yet this is not all. In Astronomy ws&eethe bodies whose motion we are studying, and
in most cases we grant that they are not subjetietaction of other invisible bodies.
Under these conditions, our law must certainly itleee verified or not. But it is not
so in Physics. If physical phenomena are due toiomoit is to the motion of
molecules which we cannot see. If, then, the acagbm of bodies we cannot see
depends on something else than the positions ocitiels of other visible bodies or of
invisible molecules, the existence of which we h&een led previously to admit,
there is nothing to prevent us from supposing thist something else is the position
or velocity of other molecules of which we have sotfar suspected the existence.
The law will be safeguarded. Let me express theestmught in another form in
mathematical language. Suppose we are observingletuiles, and find

(97) that their3n co-ordinates satisfy a system 8 differential equations of the
fourth order (and not of the second, as requirethbylaw of inertia). We know that
by introducing3n variable auxiliaries, a system 8h equations of the fourth order
may be reduced to a system6ofequations of the second order. If, then, we suppos
that the3n auxiliary variables represent the co-ordinates wivisible molecules, the
result is again conformable to the law of inerflam sum up, this law, verified
experimentally in some particular cases, may bergdd fearlessly to the most
general cases; for we know that in these genesglsci can neither be confirmed nor
contradicted by experiment.

The Law of Acceleration— The acceleration of a body is equal to the fostech
acts on it divided by its mass.

Can this law be verified by experiment ? If so, ivave to measure the three
magnitudes mentioned in the enunciation : acceteratorce, and mass. | admit that
acceleration may be measured, because | pass lowdlifficulty arising from the
measurement of time. But how are we to measuresfant mass ? We do not even
know what they are. What is mass ? Newton replide product of the volume and
the density." " It were better to say," answer TeBomand Tait, " that density is the
quotient of the mass by the volume." 'What is force
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"It is," replies Lagrange, " that which moves or

(98) tends to move a body." " It is," accordingkiochoff, "the product of the mass
and the acceleration." Then why not say that nsatse quotient of the force by the
acceleration? These difficulties are insurmountable

When we say force is the cause of motion, we dienta metaphysics; and this
definition, if we had to be content with it, woube absolutely fruitless, would lead to
absolutely nothing. For a definition to be of arseut must tell us how to measure
force; and that is quite sufficient, for it is bp means necessary to tell what force is
in itself, nor whether it is the cause or the dffetmotion. We must therefore first
define what is meant by the equality of two forcé&en are two forces equal ? We
are told that it is when they give the same acaétanm to the same mass, or when
acting in opposite directions they are in equilibni This definition is a sham. A force
applied to a body cannot be uncoupled and apptieshbther body as an engine is
uncoupled from one train and coupled to anothers therefore impossible to say
what acceleration such a force, applied to suchdy,bwould give to another body if
it were applied to it. It is impossible to tell hawo forces which are not acting in
exactly opposite directions would behave if theyevacting in opposite directions. It
is this definition which we try to materialise, &isvere, when we measure a force
with a dynamometer or with a balance. Two forcean&

(99) F', which | suppose, for simplicity, to be iagt vertically upwards, are
respectively applied to two bodies, C and C'.acita body weighing P first to C and
then to C'; if there is equilibrium in both caseshclude that the two forces F and F'
are equal, for they are both equal to the weighhefbody P. But am | certain that the
body P has kept its weight when | transferredatrfithe first body to the second? Far
from it. | am certain of the contrary, | know ththe magnitude of the weight varies
from one point to another, and that it is gredter,instance, at the pole than at the
equator. No doubt the difference is very small, aredneglect it in practice; but a
definition must have mathematical rigour; this tgaoes not exist. What | say of
weight would apply equally to the force of the sgrbf a dynamometer, which would
vary according to temperature and many other cistantes. Nor is this all. We
cannot say that the weight of the body P is appteedhe body C and keeps in
equilibrium the force F. What is applied to the pdclis the action of the body P on
the body C. On 6e other hand, the body P is actedyoits weight, and by the
reaction R of the body C on P the forces F and & equal, because they are in
equilibrium; the forces A and R are equal by virtefethe principle of action and
reaction; and finally, the force R and the weighaf equal because they are in
equilibrium. From these three equalities

(100) we deduce the equality of the weight P aeddince F.
Thus we are compelled to bring into our definitminthe equality of two forces the

principle of the equality of action and reactitvence this principle can no longer be
regarded as an experimental law but only as a déjim
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To recognise the equality of two forces we are timkepossession of two rules: the
equality of two forces in equilibrium and the edtyabf action and reaction. But, as
we have seen, these are not sufficient, and we@rgelled to have recourse to a
third rule, and to admit that certain forces —theight of a body, for instance—are
constant in magnitude and direction. But this thiute is an experimental law. It is
only approximately truet is a bad definitionWe are therefore reduced to Kirchoff's
definition: force is the product of the mass anel élcceleration. This law of Newton
in its turn ceases to be regarded as an experiirlantait is now only a definition.
But as a definition it is insufficient, for we dotknow what mass is. It enables us, no
doubt, to calculate the ratio of two forces apphediifferent times to the same body,
but it tells us nothing about the ratio of two fescapplied to two different bodies. To
fill up the gap we must have recourse to Newtdritsl taw, the equality of action and
reaction, still regarded not as an experimentalbatvas a definition. Two bodies, A
and B, act on each other; the accelera-

(101) -tion of A, multiplied by the mass of A, iqual to the action of B on A ; in the
same way the acceleration of B, multiplied by theseof B, is equal to the reaction
of A on B. As, by definition, the action and theacdon are equal, the masses of A
and B are respectively in the inverse ratio ofrtheasses. Thus is the ratio of the two
masses defined, and it is for experiment to veh#t the ratio is constant.

This would do very well if the two bodies were adoand could be abstracted from
the action of the rest of the world; but this isfary means the case. The acceleration
of A is not solely due to the action of B, but bat of a multitude of other bodies, C,
D, ... To apply the preceding rule we must decosepthe acceleration of A into
many components, and find out which of these coraptmis due to the action of B.
The decomposition would still be possible if we poge that the action of C on A is
simply added to that of B on A, and that the preseof the body C does not in any
way modify the action of B on A, or that the presenf B does not modify the action
of C on A ; that is, if we admit that any two boslettract each other, that their mutual
action is along their join, and is only dependemtieeir distance apart; if, in a word,
we admit thenypothesis of central forces.

We know that to determine the masses of the hepvemilies we adopt quite a
different principle. The law of gravitation teachesthat the

(102) attraction of two bodies is proportional teit masses; if is their distance
apart,m andm’ their masses a constant, then their attraction will keam'/r_1. What
we are measuring is therefore not mass, the rétibeoforce to the acceleration, but
the attracting mass; not the inertia of the bodyt its attracting power. It is an
indirect process, the use of which is not indispétes theoretically. We might have
said that the attraction is inversely proportiotwathe square of the distance, without
being proportional to the product of the masses, iths equal td/r? and not to kmm'.

If it were so, we should nevertheless, by obsertegelative motion of the celestial
bodies, be able to calculate the masses of theedo

But have we any right to admit the hypothesis oftiz# forces ? Is this hypothesis
rigorously accurate ? Is it certain that it willvee be falsified by experiment? Who
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will venture to make such an assertion? And if westrabandon this hypothesis, the
building which has been so laboriously erected rfalsto the ground.

We have no longer any right to speak of the compbagthe acceleration of A which
is due to the action of B. We have no means ofrdjatshing it from that which is

due to the action of C or of any other body. Thie teecomes inapplicable in the
measurement of masses. What then is left of threipie of the equality — of action

and reaction ? If we reject the hypothesis of @itrces this prin-

(103) -ciple must go too; the geometrical resultahtll the forces applied to the
different bodies of a system abstracted from aikmal action will be zero. In other
words, the motion of the centre of gravity of this systweith be uniform and in a
straight line.Here would seem to be a means of defining mass.pok#ion of the
centre of gravity evidently depends on the valuesrgto the masses; we must select
these values so that the motion of the centreafityris uniform and rectilinear. This
will always be possible if Newton's third law holdsod, and it will be in general
possible only in one way. But no system exists Whecabstracted from all external
action; every part of the universe is subject, marrdess, to the action of the other
parts. The law of the motion of the centre of gravity ryorigorously true when
applied to the whole universe.

But then, to obtain the values of the masses we fmgthe motion of the centre of
gravity of the universe. The absurdity of this dos®n is obvious; the motion of the
centre of gravity of the universe will be for eterus unknown. Nothing, therefore, is
left, and our efforts are fruitless. There is ncage from the following definition,
which is only a confession of failure

Masses are co-efficients which it is found convarie introduce into calculations.

We could reconstruct our mechanics by giving to masses different values. The
new mechanics would be in contradiction neithehwit

(104) experiment nor with the general principlesiphamics (the principle of inertia,
proportionality of masses and accelerations, etyuafi action and reaction, uniform
motion of the centre of gravity in a straight limand areas). But the equations of this
mechanicsvould not be so simpléet us clearly understand this. It would be only th
first terms which would be less simplei-e; those we already know through
experiment; perhaps the small masses could betlglighered without thecomplete
equationgyaining or losing in simplicity.

Hertz has inquired if the principles of mechanios @gorously true. " In the opinion
of many physicists it seems inconceivable that expnt will ever alter the
impregnable principles of mechanics; and yet, whalue to experiment may always
be rectified by experiment." From what we have gestn these fears would appear to
be groundless. The principles of dynamics appetred first as experimental truths,
but we have been compelled to use them as defisitib isby definitionthat force is
equal to the product of the mass and the acceaderathis is a principle which is
henceforth beyond the reach of any future experimBnus it is by definition that
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action and reaction are equal and opposite. But itheill be said, these unverifiable
principles are absolutely devoid of any significencrhey , cannot he, disproved by
experiment, but we can learn from them nothing

(105) of any use to us; what then is the use aystig dynamics? This somewhat
rapid condemnation would be rather unfair. Therendé in Nature any system
perfectlyisolated, perfectly abstracted from all externalas; but there are systems
which arenearly isolated. If we observe such a system, we can stodyonly the
relative motion of its different parts with respéateach other, but the motion of its
centre of gravity with respect to the other paftthe universe. We then find that the
motion of its centre of gravitis nearly uniform and rectilinear in conformity with
Newton's Third Law. This is an experimental fachiet cannot be invalidated by a
more accurate experiment. What, in fact, would aena@curate experiment teach us ?
It would teach us that the law is only approximatelie, and we know that already.
Thus is explained how experiment may serve as & Has the principles of
mechanics, and yet will never invalidate them.

Anthropomorphic Mechanics-It will be said that Kirchoff has only followecdé
general tendency of mathematicians towards nonsimalifrom this his skill as a
physicist has not saved him. He wanted a definitiba force, and he took the first
that came handy; but we do not require a definittbrforce; the idea of force is
primitive, irreducible, indefinable; we all know wahit is; of it we have direct
intuition. This direct intuition arises from theeia of effort which is familiar to us
from childhood. But in the first place, even ifghi

(106) direct intuition made known to us the realuna of force in itself, it would
prove to be an insufficient basis for mechanicsyauld, moreover, be quite useless.
The important thing is not to know what force isit how to measure it. Everything
which does not teach us how to measure it is aesseéo the mechanician as, for
instance, the subjective idea of heat and coldhéostudent of heat. This subjective
idea cannot be translated into numbers, and igfiver useless; a scientist whose skin
is an absolutely bad conductor of heat, and whergfore, has never felt the sensation
of heat or cold, would read a thermometer in jost$ame way as any one else, and
would have enough material to construct the whok®theory of heat.

Now this immediate notion of effort is of no useu®in the measurement of force. It
is clear, for example, that | shall experience nfatiggue in lifting a weight of zoo Ib.
than a man who is accustomed to lifting heavy bosd®ut there is more than this.
This notion of effort does not teach us the natir®rce ; it is definitively reduced to
a recollection of muscular sensations, and no orlé maintain that the sun
experiences a muscular sensation when it attrhetedrth. All that we can expect to
find from it is a symbol, less precise and lessvearent than the arrows (to denote
direction) used by geometers, and quite as remoie feality.

Anthropomorphism plays a considerable historic
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(107) rlle in the genesis of mechanics; perhaps it mayweish us with a symbol
which some minds may find convenient; but it cartheefoundation of nothing of a
really scientific or philosophical character.

The Thread Schook—M. Andrade, in hisLellons de Mecanique physiqubas
modernised anthropomorphic mechanics. To the schbahechanics with which
Kirchoff is identified, he opposes a school whichquaintly called the " Thread
School."

This school tries to reduce everything to the abasition of certain material systems
of negligible mass, regarded in a state of tensama capable of transmitting
considerable effort to distant bodies—systems oiclwtihe ideal type is the fine
string, wire, orthread. A thread which transmits any force is slightly lémned in
the direction of that force; the direction of tinegad tells us the direction of the force,
and the magnitude of the force is measured byethgthening of the thread.

We may imagine such an experiment as the followirgA body A is attached to a
thread; at the other extremity of the thread adts@ which is made to vary until the
length of the thread is increased by a, and theleation of the body A is recorded.
A is then detached, and a body B is attached tos#ime thread, and the same or
another force is made to act until the incremernéogth again is a, and the

(108) acceleration dB is noted. The experiment is then renewed with Fo#nd B
until the increment of length isl. The four accelerations observed should be
proportional. Here we have an experimental vetikeaof the law of acceleration
enunciated above. Again, we may consider a bodgwitiee action of several threads
in equal tension, and by experiment we determiredilection of those threads when
the body is in equilibrium. This is an experimentarification of the law of the
composition of forces. But, as a matter of factatmave we done ? We have defined
the force acting on the string by the deformatibrihe thread, which is reasonable
enough; we have then assumed that if a body ishethto this thread, the effort
which is transmitted to it by the thread is equathte action exercised by the body on
the thread; in fact, we have used the principlaation and reaction by considering it,
not as an experimental truth, but as the very d&fin of force. This definition is
quite as conventional as that of Kirchoff, busituch less general.

All the forces are not transmitted by the threawt(to compare them they would all
have to be transmitted by identical threads). If even admitted that the earth is
attached to the sun by an invisible thread, atratgyit will be agreed that we have no
means of measuring the increment of the thread.e Nimes out of ten, in
consequence, our definition will be in default; no

(109) sense of any kind can be attached to it, wadmust fall back on that of
Kirchoff. Why then go on in this roundabout way?uvadmit a certain definition of
force which has a meaning only in certain particakses. In those cases you verify
by experiment that it leads to the law of acceleratOn the strength of these
experiments you then take the law of accelerat®m aefinition of force in all the
other cases.
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Would it not be simpler to consider the law of decagtion as a definition in all cases,
and to regard the experiments in question, notea#ications of that law, but as
verifications of the principle of action and reactj or as proving the deformations of
an elastic body depend only on the forces actinghah body? Without taking into
account the fact that the conditions in which ydefinition could be accepted can
only be very imperfectly fulfilled, that a threaslnever without mass, that it is never
isolated from all other forces than the reaction tbé bodies attached to its
extremities.

The ideas expounded by M. Andrade are none thevlggsinteresting. If they do not
satisfy our logical requirements, they give us tidoeview of the historical genesis of
the fundamental ideas of mechanics. The reflecttbry suggest show us how the
human mind passed from alm&e anthropomorphism to the present conception of
science.

We see that we end with an experiment which

(110) is very particular, and as a matter of faetyvcrude, and we start with a
perfectly general law, perfectly precise, the tratlwhich we regard as absolute. We
have, so to speak, freely conferred this certamnyit by looking upon it as a
convention.

Are the laws of acceleration and of the compositmin forces only arbitrary
conventions ? Conventions, yes; arbitrary, no —y tlveuld be so if we lost sight of
the experiments which led the founders of the s@eto adopt them, and which,

imperfect as they were, were sufficient to justtigir adoption. It is well from time to
time to let our attention dwell on the experimewtadin of these conventions.

Endnotes

1. Revue de Mitaphysique et de Morale, t. vi., pp. 1-13, Janua8@8.
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Part lll Force

Science and Hypothesis
Chapter 7: Relative and Absolute Motion

RELATIVE AND ABSOLUTE MOTION.

The Principle of Relative Motior— Sometimes endeavours have been made to
connect the law of acceleration with a more gengriaciple. The movement of any
system whatever ought to obey the same laws, whétfereferred to fixed axes or

to the movable axes which are implied in uniformtiotoin a straight line. This is the
principle of relative motion; it is imposed upon @8 two reasons: the commonest
experiment confirms it; the consideration of thentcary hypothesis is singularly
repugnant to the mind.

Let us admit it then, and consider a body underaitioon of a force. The relative
motion of this body with respect to an observer mgwith a uniform velocity equal
to the initial velocity of the body, should be idieal with what would be its absolute
motion if it started from rest. We conclude thatatceleration must not depend upon
its absolute velocity, and from that we attemptdeduce the complete law of
acceleration.

For a long time there have been traces of thisfproiive regulations for the degree of
B. [1s Sc.

(112) It is clear that the attempt has failed. Bhstacle which prevented us from
proving the law of acceleration is that we havededinition of force. This obstacle
subsists in its entirety, since the principle inedkhas not furnished us with the
missing definition. The principle of relative maties none the less very interesting,
and deserves to be considered for its own sakeud #¥ to enunciate it in an accurate
manner. We have said above that the acceleratioihe alifferent bodies which form
part of an isolated system only depend on thewargés and their relative positions,
and not on their velocities and their absolute towss, provided that the movable axes
to which the relative motion is referred move unifity in a straight line; or, if it is
preferred, their accelerations depend only on tfierdnces of their velocities and the
differences of their co-ordinates, and not on theotute values of these velocities and
co-ordinates. If this principle is true for relaiaccelerations, or rather for differences
of acceleration, by combining it with the law ootion we shall deduce that it is true
for absolute accelerations. It remains to be s@snwe can prove that differences of
acceleration depend only on differences of velesiind co-ordinates; or, to speak in
mathematical language, that these differences ebrdmates satisfy differential
equations of the second order. Can this proof lbleickd from experiment or from
Priori conditions? Remembering what we

(113) have said before, the reader will give hisi@mswer. Thus enunciated, in fact,
the principle of relative motion curiously resentblevhat | called above the

generalised principle of inertia; it is not quiteetsame thing, since it is a question of
differences of co-ordinates, and not of the coatdia themselves. The new principle
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teaches us something more than the old, but the shscussion applies to it, and
would lead to the same conclusions. We need nat tedt.

Newton's Argument—Here we find a very important and even slightigtutbing
question. | have said that the principle of relatmotion was not for us simply a
result of experiment; and that priori every contrary hypothesis would be repugnan
to the mind. But, then, why is the principle onfyd if the motion of the movable
axes is uniform and in a straight line? It seenas ithshould be imposed upon us with
the same force if the motion is accelerated, cargt rate if it reduces to a uniform
rotation. In these two cases, in fact, the prireciglnot true. | need not dwell on the
case in which the motion of the axes is in a siridige and not uniform. The paradox
does not bear a moment's examination. If | am railavay carriage, and if the train,
striking against any obstacle whatever, is suddstdpped, | shall be projected on to
the opposite side, although | have not been dyrextted upon by any force. There is
nothing mysterious in that, arid if 1 have not beahject to the action

(114) of any external force, the train has expegeinan external impact. There can be
nothing paradoxical in the relative motion of twodies being disturbed when the
motion of one or the other is modified by an exé¢mause. Nor need | dwell on the
case of relative motion referring to axes whichatetuniformly. If the sky were for
ever covered with clouds, and if we had no meansbstrving the stars, we might,
nevertheless, conclude that the earth turns rodedshould be warned of this fact by
the flattening at the poles, or by the experimeénFaucault's pendulum. And yet,
would there in this case be any meaning in sayiagthe earth turns round ? If there
is no absolute space, can a thing turn withoutitgrwith respect to something; and,
on the other hand, how can we admit Newton's caimuand believe in absolute
space? But it is not sufficient to state that abgible solutions are equally unpleasant
to us. We must analyse in each case the reasouordfiglike, in order to make our
choice with the knowledge of the cause. The lorsguision which follows must,
therefore, be excused.

Let us resume our imaginary story. Thick cloudsehite stars from men who cannot
observe them, and even are ignorant of their exasteHow will those men know that
the earth turns round? No doubt, for a longer peti@n. did our ancestors, they will
regard the soil on which they stand as fixed andavable! They will

(115) wait a much longer time than we did for tleening of a Copernicus; but this

Copernicus will come at last. How will he come?tte first place, the mechanical
school of this world would not run their heads agaian absolute contradiction. In
the theory of relative motion we observe, besiass forces, two imaginary forces,
which we call ordinary centrifugal force and compded centrifugal force. Our

imaginary scientists can thus explain everythinddmking upon these two forces as
real, and they would not see in this a contradictid the generalised principle of
inertia, for these forces would depend, the on#therrelative positions of the different
parts of the system, such as real attractions tlemather on their relative velocities,
as in the case of real frictions. Many difficultié®wever, would before long awaken
their attention. If they succeeded in realisingsalated system, the centre of gravity
of this system would not have an approximatelyiliaetir path. They could invoke,
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to explain this fact, the centrifugal forces whibley would regard as real, and which,
no doubt, they would attribute to the mutual actiaf the bodies—only they would
not see these forces vanish at great distances-isthat say, in proportion as the
isolation is better realised. Far from it. Centwifil force increases indefinitely with
distance. Already this difficulty would seem to thaufficiently serious, but it would
not detain them for long. They would soon imagiome very subtle

(116) medium analogous to our ether, in which aflibs would be bathed, and which
would exercise on them a repulsive action. But ihabt all. Space is symmetrical —
yet the laws of motion would present no symmetheyshould be able to distinguish
between right and left. They would see, for ins&ribat cyclones always turn in the
same direction, while for reasons of symmetry tebguld turn indifferently in any
direction. If our scientists were able by dint afich hard work to make their universe
perfectly symmetrical, this symmetry would not sebhsalthough there is no apparent
reason why it should be disturbed in one directimre than in another. They would
extract this from the situation no doubt — they VWdomvent something which would
not be more extraordinary than the glass spherédaémy, and would thus go on
accumulating complications until the long-expedBapernicus would sweep them all
away with a single blow, saying it is much more giento admit that the earth turns
round. Just as our Copernicus said to us: " Itasentonvenient to suppose that the
earth turns round, because the laws of astronomyhais expressed in a more simple
language,” so he would say to them: "It is moreveoirent to suppose that the earth
turns round, because the laws of mechanics areetiiugssed in much more simple
language. That does not prevent absolute space-isttmsay, the point to which we
must refer the earth to

(217) know if it really does turn round — from hagino objective existence. And
hence this affirmation: "the earth turns round,’s m meaning, since it cannot be
verified by experiment; since such an experimeitamy cannot be realised or even
dreamed of by the most daring Jules Verne, butaaewven be conceived of without
contradiction; or, in other words, these two prafpass, "the earth turns round," and,
"it is more convenient to suppose that the eanthstuound," have one and the same
meaning. There is nothing more in one than in ttero Perhaps they will not be
content with this, and may find it surprising tlhong all the hypotheses, or rather
all the conventions, that can be made on this stitfeere is one which is more
convenient than the rest? But if we have admittedithout difficulty when it is a
guestion of the laws of astronomy, why should wgadbwhen it is a question of the
laws of mechanics? We have seen that the co-oadiratbodies are determined by
differential equations of the second order, and soaare the differences of these co-
ordinates. This is what we have called the gerssdliprinciple of inertia, and the
principle of relative motion. If the distances bkse bodies were determined in the
same way by equations of the second order, it s¢featgshe mind should be entirely
satisfied. How far does the mind receive this &atison, and why is it not content
with it? To explain this we had

(118) better take a simple example. | assume &syahalogous to our solar system,
but in which fixed stars foreign to this system main be perceived, so that
astronomers can only observe the mutual distarfcelsueets and the sun, and not the
absolute longitudes of the planets. If we deducectly from Newton's law the
differential equations which define the variatiohtbese distances, these equations
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will not be of the second order. | mean that iftstde Newton's law, we knew the
initial values of these distances and of their\@gives with respect to time — that
would not be sufficient to determine the valueshefse same distances at an ulterior
moment. A datum would be still lacking, and thisuha might be, for example, what
astronomers call the area-constant. But here we lowly at it from two different
points of view. We may consider two kinds of constaln the eyes of the physicist
the world reduces to a series of phenomena depgndmthe one hand, solely on
initial phenomena, and, on the other hand, on alaes Iconnecting consequence and
antecedent. If observation then teaches us tharttairc quantity is a constant, we shall
have a choice of two ways of looking at it. Soustadmit that there is a law which
requires that this quantity shall not vary, butt thya chance it has been found to have
had in the beginning of time this value rather tlfzat, a value that it has kept ever
since. This quantity might then be calledaameidentalconstant. Or again, let us

(119) admit on the contrary that there is a lawnafure which imposes on this
guantity this value and not that. We shall thenehatat may be called assential
constant. For example, in virtue of the laws of Mawthe duration of the revolution
of the earth must be constant, But if it is 366 aachething sidereal days, and not 300
or 400, it is because of some initial chance oewth is anaccidentalconstant. If, on
the other hand, the exponent of the distance whgtlres in the expression of the
attractive force is equal to -2 and not to -3,sitniot by chance, but because it is
required by Newton's law. It is @ssentiakconstant. | do not know if this manner of
giving to chance its share is legitimate in itsald if there is not some artificiality
about this distinction; but it is certain at lettst in proportion as Nature has secrets,
she will be strictly arbitrary and always uncertantheir application. As far as the
area-constant is concerned, we are accustomedokoupon it as accidental. Is it
certain that our imaginary astronomers would do shme ? If they were able to
compare two different solar systems, they wouldtgetidea that this constant may
assume several different values. But | supposedeabutset, as | was entitled to do,
that their system would appear isolated, and tiey tvould see no star which was
foreign to their system. Under these conditionsytieeuld only detect a single
constant, which would have an absolutely invariabiéque value. They would

(120) be led no doubt to look upon it as an esakotinstant.

One word in passing to forestall an objection. T&bitants of this imaginary world
could neither observe nor define the area-constantwe do, because absolute
longitudes escape their notice; but that wouldprevent them from being rapidly led
to remark a certain constant which would be nalyuratroduced into their equations,
and which would be nothing but what we call theaazenstant. But then what would
happen ? If the area-constant is regarded as edsexrst dependent upon a law of
nature, then in order to calculate the distanceh®fplanets at any given moment it
would be sufficient to know the initial values bese distances and those of their first
derivatives. From this new point of view, distaneab be determined by differential
equations of the second order. Would this compfesatisfy the minds of these
astronomers ? | think not. In the first place, theguld very soon see that in
differentiating their equations so as to raise thena higher order, these equations
would become much more simple, and they would bmeaally struck by the
difficulty which arises from symmetry. They wouldive to admit different laws,
according as the aggregate of the planets presémeiibure of a certain polyhedron
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or rather of a regular polyhedron, and these careszps can only be escaped by
regarding the area-constant as accidental. | feekemntthis particular

(121) example, because | have imagined astronomleoswould not be in the least
concerned with terrestrial mechanics and whosewigiould be bounded — by the
solar system. But our conclusions apply in all saggur universe is more extended
than theirs, since we have fixed stars; but it, tsaery limited, so we might reason
on the whole of our universe just as these astrensmo on their solar system. We
thus see that we should be definitively led to ¢athe that the equations which define
distances are of an order higher than the secomy. 8ould this alarm us—why do
we find it perfectly natural that the sequence liémomena depends on initial values
of the first derivatives of these distances, while hesitate to admit that they may
depend on the initial values of the second derrea® It can only be because of
mental habits created in us by the constant stfittyeogeneralised principle of inertia
and of its consequences. The values of the distaat@any given moment depend
upon their initial values, on that of their firgriatives, and something else. What is
thatsomething els@ If we do not want it to be merely one of the secderivatives,
we have only the choice of hypotheses. Supposes assually done, that this
something else is the absolute orientation of thiearse in space, or the rapidity with
which this orientation varies; this may be, it eerly is, the most convenient solution
for the geometer. But it is not the most satisfgctor the philosopher, because

(122) this orientation does not exist. We may asstimat this something else is the
position or the velocity of some invisible body,dathis is what is done by certain
persons, who have even called the body Alpha, afthove are destined to never
know anything about this body except its name. Thisn artifice entirely analogous
to that of which | spoke at the end of the paralgrapntaining my reflections on the
principle of inertia. But as a matter of fact th#ficulty is artificial. Provided that the
future indications of our instruments can only depen the indications which they
have given us, or that they might have formerlyegiws, such is all we want, and
with these conditions we may rest satisfied.
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Science and Hypothesis
Chapter 8: Energy and Thermo-Dynamics

ENERGY AND THERMO-DYNAMICS.

Energetics — The difficulties raised by the classical medhanhave led certain
minds to prefer a new system which they call EntzgeEnergetics took its rise in
consequence of the discovery of the principle of ttonservation of energy.
Helmholtz gave it its definite form. We begin byfidang two quantities which play a
fundamental part in this theory. They are kinetiergy, or vis viva, and Potential
energy. Every change that the bodies of nature watergo is regulated by two
experimental laws. First, the sum of the kinetid potential energies is constant. This
is the principle of the conservation of energy. @ if a system of bodies is at A at
the time ¢, and at B at the time it always passes from the first position to teeand
by such a path that the mean value of the diffexdsetween the two kinds of energy
in the interval of time which separates the twoaksop and tis a minimum. This is
Hamilton's principle, and is one of the forms oé tprinciple of least action. The
energetic theory has the following advantages

(124) over the classical. First, it is less incoetpl—that is to say, the principles of
the conservation of energy and of Hamilton teachmese than the fundamental
principles of the classical theory, and excluddgatermotions which do not occur in
nature and which would be compatible with the étadsheory. Second, it frees us
from the hypothesis of atoms, which it was almaspassible to avoid with the
classical theory. But in its turn it raises fregfiicllties. The definitions of the two
kinds of energy would raise difficulties almostgieat as those of force and mass in
the first system. However, we can get out of thdiffeculties more easily, at any rate
in the simplest cases. Assume an isolated systemefb of a certain number of
material points. Assume that these points are agted by forces depending only on
their relative position and their distances apant] independent of their velocities. In
virtue of the principle of the conservation of emethere must be a function of forces.
In this simple case the enunciation of the prirecipl the conservation of energy is of
extreme simplicity. A certain quantity, which mag determined by experiment, must
remain constant. This quantity is the sum of twante The first depends only on the
position of the material points, and is independ&ntheir velocities; the second is
proportional to the squares of these velocitiess @ecomposition can only take place
in one way. The first of these terms, which | skall U, will

(125) be potential energy; the second, which listal T, will be kinetic energy. It is
true that if T + U is constant, so is any functanrl + U, (T + U). But this function
(T+ U) will not be the sum of two terms, the onéependent of the velocities, and
the other proportional to the square of the velesitAmong the functions which
remain constant there is only one which enjoys pinigerty. It is T + U (or a linear
function of T + U), it matters not which, since g¢Hinear function may always be
reduced to T + U by a change of unit and of originis, then, is what we call energy.
The first term we shall call potential energy, aheé second kinetic energy. The
definition of the two kinds of energy may therefdre carried through without any
ambiguity.
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So it is with the definition of mass. Kinetic engrgr vis viva is expressed very
simply by the aid of the masses, and of the redateiocities of all the material points
with reference to one of them. These relative videsxc may be observed, and when
we have the expression of the kinetic energy amaetibon of these relative velocities,
the coefficients of this expression will give ug timasses. So in this simple case the
fundamental ideas can be defined without difficuBwt the difficulties reappear in
the more complicated cases if the forces, instéa@pending solely on the distances,
depend also on the velocities. For example, Welygpases the mutual action of two
electric molecules to depend not only on their

(126) distance but on their velocity and on theicederation. If material points

attracted each other according to an analogousUawould depend on the velocity,
and it might contain a term proportional to the amguof the velocity. How can we
detect among such terms those that arise from U @rand how, therefore, can we
distinguish the two parts of the energy? But therenore than this. How can we
define energy itself? We have no more reason te sakour definition T+ U rather
than any other function of T + U, when the propesyich characterised T+U has
disappeared—namely, that of being the sum of tvmmdeof a particular form. But

that is not all. We must take account, not onlyneéchanical energy properly so
called, but of the other forms of energy —heat,ngical energy, electrical energy,
etc. The principle of the conservation of energystriobe written T + U + Q = a

constant, where T is the sensible kinetic energyhéJpotential energy of position,
depending only on the position of the bodies, Qithernal molecular energy under
the thermal, chemical, or electrical form. This Wbbe all right if the three terms
were absolutely distinct; if T were proportional ttee square of the velocities, U
independent of these velocities and of the statthefbodies, Q independent of the
velocities and of the positions of the bodies, degending only on their internal
state. The expression for the energy could be dposed in one way only into three

(127) terms of this form. But this is not the calset us consider electrified bodies.
The electro-static energy due to their mutual actill evidently depend on their
charge —i.e., on their state ; but it will equally depend orithposition. If these
bodies are in motion, they will act electro-dynaatliz on one another, and the
electro-dynamic energy will depend not only on ttetate and their position but on
their velocities. We have therefore no means of intakhe selection of the terms
which should form part of T, and U, and Q, and eparating the three parts of the
energy. If T + U + Q is constant, the same is tiany function whatever, (T + U +

Q)

If T+ U + Q were of the particular form that | lmguggested above, no ambiguity
would ensue. Among the functions h (T + U + Q) whiemain constant, there is only
one that would be of this particular form, namélg bne which | would agree to call
energy. But | have said this is not rigorously tase. Among the functions that
remain constant there is not one which can rigdyohs placed in this particular

form. How then can we choose from among them ththwshould be called energy?
We have no longer any guide in our choice.
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Of the principle of the conservation of energy éhés nothing left then but. an
enunciation: —There is something which remains constémthis form it, in its turn,
is outside the bounds of experiment and reduceckiod of tautology. It

(128) is clear that if the world is governed by $athere will be quantities which
remain constant. Like Newton's laws, and for arlaguus reason, the principle of the
conservation of energy being based on experimantno longer be invalidated by it.

This discussion shows that, in passing from thesiotal system to the energetic, an
advance has been made; but it shows, at the saraethat we have not advanced far
enough.

Another objection seems to be still more seriouse Principle of least action is
applicable to reversible phenomena, but it is bymeans satisfactory as far as
irreversible phenomena are concerned. Helmhol&rrgtted to extend it to this class
of phenomena, but he did not and could not succgedar as this is concerned all
has yet to be done. The very enunciation of thexcppie of least action is
objectionable. To move from one point to anothenaderial molecule, acted upon by
no force, but compelled to move on a surface, takk as its path the geodesic line—
i.e., the shortest path. This molecule seems tavki@ point to which we want to
take it, to foresee the time that it will take at teach it by such a path, and then to
know how to choose the most convenient path. Then@ation of the principle
presents it to us, so to speak, as a living angl émtity. It is clear that it would be
better to replace it by a less objectionable eratimi, one in which, as philosophers
would say, final

(129) effects do not seem to be substituted for ingct causes.

Thermo-dynamics. —Fhe role of the two fundamental principles of therdynamics
becomes daily more important in all branches otirstphilosophy. Abandoning the
ambitious theories of forty years ago, encumberedhay were with molecular
hypotheses, we now try to rest on thermo-dynamloseathe entire edifice of
mathematical physics. Will the two principles of Wéa and of Clausius assure to it
foundations solid enough to last for some time ?aNédeel it, but whence does our
confidence arise ? An eminent physicist said toane day, apropos of the law of
errors: — every one stoutly believes it, becausthematicians imagine that it is an
effect of observation, and observers imagine th&t a mathematical theorem. And
this was for a long time the case with the prireipl the conservation of energy. It is
no longer the same now. There is no one who doelsnmov that it is an experimental
fact. But then who gives us the right of attribgtito the principle itself more
generality and more precision than to the experimemhich have served to
demonstrate it? This is asking, if it is legitimategeneralise, as we do every day,
empiric data, and | shall not be so foolhardy adisauss this question, after so many
philosophers have vainly tried to solve it. On@ghalone is certain. If this permission
were refused to us, science could not exist; trast

(230) would be reduced to a kind of inventory,he ascertaining of isolated facts. It
would not longer be to us of any value, since uldmot satisfy our need of order and
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harmony, and because it would be at the same tcegpable of prediction. As the
circumstances which have preceded any fact whatewirnever again, in all
probability, be simultaneously reproduced, we a@yei@quire a first generalisation to
predict whether the fact will be renewed as soothadeast of these circumstances is
changed. But every proposition may be generaligedni infinite number of ways.
Among all possible generalisations we must choasd, we cannot but choose the
simplest. We are therefore led to adopt the sameseaas if a simple law were, other
things being equal, more probable than a complex R century ago it was frankly
confessed and proclaimed abroad that Nature |dugdisity; but Nature has proved
the contrary since then on more than one occadid@.no longer confess this
tendency, and we only keep of it what is indispélesaso that science may not
become impossible. In formulating a general, simpled formal law, based on a
comparatively small number of not altogether cdesisexperiments, we have only
obeyed a necessity from which the human mind cafmat itself. But there is
something more, and that is why | dwell on thisitcofNo one doubts that Mayer's
principle is not called upon to survive all the tpardar laws from™ which it was
deduced, in

(131) the same way that Newton's law has survitieddws of Kepler from which it
was derived, and which are no longer anything ppreximations, if we take
perturbations into account. Now why does this ppiec thus occupy a kind of
privileged position among physical laws? There m@ny reasons for that. At the
outset we think that we cannot reject it, or evenld its absolute rigour, without
admitting the possibility of perpetual motion; wertainly feel distrust at such a
prospect, and we believe ourselves less rash inmaif it than in denying it. That
perhaps is not quite accurate. The impossibilitpe@fpetual motion only implies the
conservation of energy for reversible phenomena. iftposing simplicity of Mayer's
principle equally contributes to strengthen outhfain a law immediately deduced
from experiments, such as Mariotte's law, this $ititp would rather appear to us a
reason for distrust; but here this is no longerdagse. We take elements which at the
first glance are unconnected; these arrange theeséh an unexpected order, and
form a harmonious whole. We cannot believe that timexpected harmony is a mere
result of chance. Our conquest appears to be Maltalus in proportion to the efforts
it has cost, and we feel the more certain of hagmagched its true secret from Nature
in proportion as Nature has appeared more jealbosroattempts to discover it. But
these are only small reasons. Before we raise Nalgav to the

(132) dignity of an absolute principle, a deepescdssion is necessary. But if we
embark on this discussion we see that this absgiiteiple is not even easy to
enunciate. In every particular case we clearlyvgieat energy is, and we can give it at
feast a provisory definition; but it is impossiliéefind a general definition of it. If we
wish to enunciate the principle in all its gendyadind apply it to the universe, we see
it vanish, so to speak, and nothing is left bus thithere is something which remains
constant But has this a meaning? In the determinist hygsith the state of the
universe is determined by an extremely large numbar parameters, which | shall
call x, X2, X3 . . . %. As soon as we know at a given moment the val@iesesen
parameters, we also know their derivatives witlpees to time, and we can therefore
calculate the values of these same parameters ahtanior or ulterior moment. In
other words, these parameters specifp differential equations of the first order.
These equations havenit- 1 integrals, and therefore there are-is functions of x,
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X2, X3 . . . % Which remain constant. If we say théimere is something which remains
constant,we are only enunciating a tautology. We would bereembarrassed to

decide which among all our integrals is that wistlould retain the name of energy.
Besides, it is not in this sense that Mayer's piads understood when it is applied
to a limited system. We admit, then, tipadf ourn parameters vary independently so
that we

(133) have onlyn -p relations, generally linear, between ouparameters and their
derivatives. Suppose, for the sake of simplicigtithe sum of the work done by the
external forces is zero, as well as that of allghantities of heat given off from the
interior: what will then be the meaning of our miple ? Thereis a combination of
these n - p relations, of which the first membeainsexact differentialand then this
differential vanishing in virtue of our -p relations, its integral is a constant, and it is
this integral which we call energy. But how cabétthat there are several parameters
whose variations are independent ? That can oRly fpdace in the case of external
forces (although we have supposed, for the sakevgdlicity, that the algebraical sum
of all the work done by these forces has vanishdd)in fact, the system were
completely isolated from all external action, ttedues of our it parameters at a given
moment would suffice to determine the state of ghgtem at any ulterior moment
whatever, provided that we still clung to the deti@ist hypothesis. We should
therefore fall back on the same difficulty as befdf the future state of the system is
not entirely determined by its present state, litdsause it further depends on the state
of bodies external to the system. But then, igkely that there exist among the
parameters which define the state of the system of equatiodgependent of this
state of the external bodies? and if in certaiesage think we can

(134) find them, is it not only because of our igamre, and because the influence of
these bodies is too weak for our experiment tolide & detect it ? If the system is
not regarded as completely isolated, it is prob#id the rigorously exact expression
of its internal energy will depend upon the stdtéhe external bodies. Again, | have
supposed above that the sum of all the externak vgarero, and if we wish to be free
from this rather artificial restriction the enurttd@ becomes still more difficult. To
formulate Mayer's principle by giving it an abseluheaning, we must extend it to the
whole universe, and then we find ourselves factate with the very difficulty we
have endeavoured to avoid. To sum up, and to wieawy language, the law of the
conservation of energy can have only one signifiearbecause there is in it a
property common to all possible properties; buth@ determinist hypothesis there is
only one possible, and then the law has no meaiinthe indeterminist hypothesis,
on the other hand, it would have a meaning evenefwished to regard it in an
absolute sense. It would appear as a limitatiorosed on freedom.

But this word warns me that | am wandering from shéject, and that | am leaving
the domain of mathematics and physics. | check Hyberefore, and | wish to retain

only one impression of the whole of this discussi&md that is, that player's law is a
form subtle enough

(135) for us to be able to put into it almost amyghwe like. | do not mean by that
that it corresponds to no objective reality, natth is reduced to mere tautology;
since, in each particular case, and provided wenolbbwish to extend it to the
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absolute, it has a perfectly clear meaning. Thitlety is a reason for believing that it
will last long; and as, on the other hand, it vaiily disappear to be blended in a
higher harmony, we may work with confidence andisgtiit, certain beforehand that
our work will not be lost.

Almost everything that | have just said appliesthie principle of Clausius. What
distinguishes it is, that it is expressed by amuadity. It will be said perhaps that it is
the same with all physical laws, since their prieciss always limited by errors of
observation. But they at least claim to be firgtragimations, and we hope to replace
them little by little by more exact laws. If, oretlother hand, the principle of Clausius
reduces to an inequality, this is not caused by itgerfection of our means of
observation, but by the very nature of the question

General Conclusions on Part llk— The principles of mechanics are therefore
presented to us under two different aspects. Owileehand, there are truths founded
on experiment, and verified approximately as fara#most isolated systems are
concerned; on the other hand,

(136) there are postulates applicable to the wiobléhe universe and regarded as
rigorously true. If these postulates possess argktyeand a certainty which falsify
the experimental truths from which they were dedudeis because they reduce in
final analysis to a simple convention that we haveght to make, because we are
certain beforehand that no experiment can contrédi€his convention, however, is
not absolutely arbitrary; it is not the child ofrataprice. We admit it because certain
experiments have shown us that it will be convemiand thus is explained how
experiment has built up the principles of mechanéssl why, moreover, it cannot
reverse them. Take a comparison with geometry. fllhdamental propositions of
geometry, for instance, Euclid's postulate, arey aanventions, and it is quite as
unreasonable to ask if they are true or false askoif the metric system is true or
false. Only, these conventions are convenienttlagiek are certain experiments which
prove it to us. At the first glance, the analogyc@nplete, thelrle of experiment
seems the same. We shall therefore be temptedytoegher mechanics must be
looked upon as experimental science and then iildHme the same with geometry;
or, on the contrary, geometry is a deductive s@eaad then we can say the same of
mechanics. Such a conclusion would be illegitimétes experiments which have led
us to adopt as more

(137) convenient the fundamental conventions ofigeoy refer to bodies which have
nothing in common with those that are studied bpngetry. They refer to the

properties of solid bodies and to the propagatioligat in a straight line. These are
mechanical, optical experiments. In no way can theyregarded as geometrical
experiments. And even the probable reason why eamgtry seems convenient to us
is, that our bodies, our hands, and our limbs ethjeyproperties of solid bodies. Our
fundamental experiments are pre-eminently physiofdgexperiments which refer,

not to the space which is the object that geonmetrgt study, but to our body — that
is to say, to the instrument which we use for thtaidy. On the other hand, the
fundamental conventions of mechanics and the exgstis which prove to us that
they are convenient, certainly refer to the samgaté or to analogous objects.
Conventional and general principles are the nataral direct generalisations of
experimental and particular principles. Let it i said that | am thus tracing
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artificial frontiers between the sciences; thatrl aeparating by a barrier geometry
properly so called from the study of solid bodiemight just as well raise a barrier
between experimental mechanics and the conventionethanics of general

principles. Who does not see, in fact, that by s#psy these two sciences we
mutilate both, and that what will remain of the ¢en-

(138) -tional mechanics when it is isolated willlig very little, and can in no way be
compared with that grand body of doctrine whicbaed geometry.

We now understand why the teaching of mechanicsldlremain experimental. Thus
only can we be made to understand the genesis @fstience, and that is
indispensable for a complete knowledge of the saeiself. Besides, if we study
mechanics, it is in order to apply it; and we calyapply it it it remains objective.

Now, as we have seen, when principles gain in gditeand certainty they lose in

objectivity. It is therefore especially with thejebtive side of principles that we must
be early familiarised, and this can only be by pasdrom the particular to the

general, instead of from the general to the pdeticu

Principles are conventions and definitions in disgu They are, however, deduced
from experimental laws, and these laws have, spéak, been erected into principles
to which our mind attributes an absolute value. 8ghilosophers have generalised
far too much. They have thought that the principlese the whole of science, and
therefore that the whole of science was conventiohhis paradoxical doctrine,
which is called Nominalism, cannot stand examimatidow can a law become a
principle? It expressed a relation between two texahs, A and B; but it was

(139) not rigorously true, it was only approximai&’e introduce arbitrarily an
intermediate term, C, more or less imaginary, and By definitionthat which has
with A exactly the relation expressed by the law.dbir law is decomposed into an
absolute and rigorous principle which expresses riiation of A to C, and an
approximate experimental and revisable law whicpresses the relation of C to B.
But it is clear that however far this decompositroay be carried, laws will always
remain. We shall now enter into the domain of lgnaperly so called.
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Part IV Nature

Science and Hypothesis
Chapter 9: Hypotheses in Physics

HYPOTHESES IN PHYSICS.

The Role of Experiment and Generalisatien Experiment is the sole source of truth.
It alone can teach us something new; it alone ¢e@ gs certainty. These are two
points that cannot be questioned. But then, if BrpEnt is everything, what place is
left for mathematical physics? What can experimeptaysics do with such an

auxiliary — an auxiliary, moreover, which seems lesg, and even may be
dangerous?

However, mathematical physics exists. It has rez@l@indeniable service, and that is
a fact which has to be explained. It is not sudiintimerely to observe; we must use
our observations, and for that purpose we mustrgése. This is what has always
been done, only as the recollection of past erh@s made man more and more
circumspect, he has observed more and more andaljeed less and less. Every age
has scoffed at its predecessor, accusing it ohigayeneralised

(141) too boldly and too navely. Descartes used to commiserate the lonians.
Descartes in his turn makes us smile, and no dsae day our children will laugh
at us. Is there no way of getting at once to tisé @i the matter, and thereby escaping
the raillery which we foresee? Cannot we be contetiit experiment alone? No, that
is impossible; that would be a complete misundeditey of the true character of
science. The man of science must work with met&aience is built up of facts, as a
house is built of stones; but an accumulation ofsfas no more a science than a heap
of stones is a house. Most important of all, themfscience must exhibit foresight.
Carlyle has written somewhere something afterféshion. " Nothing but facts are of
importance. John Lackland passed by here. Heremething that is admirable. Here
is a reality for which | would give all the theaien the world.[1] Carlyle was a
compatriot of Bacon, and, like him, he wished togtaim his worship othe God of
Things as they are.

But Bacon would not have said that. That is thegleage of the historian. The
physicist would most likely have said: "John Lacidapassed by here. It is all the
same to me, for he will not pass this way again."

We all know that there are good and bad experimditits latter accumulate in vain.

Whether there are a hundred or a thousand,

(142) one single piece of work by a real mastery-a asteur, for example— will be
sufficient to sweep them into oblivion. Bacon woutlave thoroughly understood that,
for he invented the phrasexperimentum crucisbut Carlyle would not have
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understood it. A fact is a fact. A student has readh and such a number on his
thermometer. He has taken no precautions. It doesatter; he has read it, and if it
is only the fact which counts, this is a realitatthis as much entitled to be called a
reality as the peregrinations of King John Lacklaihat, then, is a good

experiment? It is that which teaches us somethiagerthan an isolated fact. It is that
which enables us to predict, and to generalisehdVit generalisation, prediction is

impossible. The circumstances under which one Ipesated will never again be

reproduced simultaneously. The fact observed vellen be repeated. All that can be
affirmed is that under analogous circumstancesraogous fact will be produced.

To predict it, we must therefore invoke the aichnlogy —that is to say, even at this
stage, we must generalise. However timid we maythere must be interpolation.

Experiment only gives us a certain number of igmlgioints. They must be connected
by a continuous line, and this is a true generatisaBut more is done. The curve
thus traced will pass between and near the poindereed; it will not pass through

the pints themselves. Thus we are not restrictggberalising our

(143) experiment, we correct it ; and the physigiio would abstain from these
corrections, and really content himself with expemt pure and simple, would be
compelled to enunciate very extraordinary laws @wleDetached facts cannot
therefore satisfy us, and that is why our scienaestnibe ordered, or, better still,
generalised.

It is often said that experiments should be madéomt preconceived ideas. That is
impossible. Not only would it make every experimfuitless, but even if we wished
to do so, it could not be done. Every man has tis conception of the world, and
this he cannot so easily lay aside. We must, famgle, use language, and our
language is necessarily steeped in preconceivesk.idenly they are unconscious
preconceived ideas, which are a thousand timesnttet dangerous of all. Shall we
say, that if we cause others to intervene of wiiehare fully conscious, that we shall
only aggravate the evil? | do not think so. | amlimed to think that they will serve as
ample counterpoises — | was almost going to saidetes. They will generally
disagree, they will enter into conflict one withodimer, andpso factg they will force

us to look at things under different aspects. Thsnough to free us. He is no longer
a slave who can choose his master.

Thus, by generalisation, every fact observed esaldeto predict a large number of
others; only, we ought not to forget that the fiadbne is certain, and that all the
others are merely

(144) probable. However solidly founded a predittinay appear to us, we are never
absolutely surghat experiment will not prove it to be baseleswé set to work to
verify it. But the probability of its accuracy iften so great that practically we may
be content with it. It is far better to predict mout certainty, than never to have
predicted at all. We should never, therefore, disda verify when the opportunity
presents itself. But every experiment is long aifficdlt, and the labourers are few,
and the number of facts which we require to pregdictnormous; and besides this
mass, the number of direct verifications that we oeke will never be more than a
negligible quantity. Of this little that we can elitly attain we must choose the best.
Every experiment must enable us to make a maximumber of predictions having
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the highest possible degree of probability. Thebfam is, so to speak, to increase the
output of the scientific machine. | may be perntitte compare science to a library
which must go on increasing indefinitely; the libam has limited funds for his
purchases, and he must, therefore, strain everemet to waste them. Experimental
physics has to make the purchases, and experimgiyaics alone can enrich the
library. As for mathematical physics, her duty @sdraw up the catalogue. If the
catalogue is well done the library is none the eicfor it; but the reader will be
enabled to utilise its riches; and also by shoviirglibrarian the gaps in his

(145) collection, it will help him to make a judiis use of his funds, which is all the
more important, inasmuch as those funds are enimadequate. That is thélle of
mathematical physics. It must direct generalisatsanas to increase what | called just
now the output of science. By what means it does #&nd how it may do it without
danger, is what we have now to examine.

The Unity of Nature— Let us first of all observe that every geneedlen supposes
in a certain measure a belief in the unity and &uitp of Nature. As far as the unity
is concerned, there can be no difficulty. If thedent parts of the universe were not
as the organs of the same body, they would nottre+se upon the other; they would
mutually ignore each other, and we in particulaousth only know one part. We need
not, therefore, ask if Nature is one, but how shenie.

As for the second point, that is not so clears at certain that Nature is simple. Can
we without danger act as if she were ?

There was a time when the simplicity of Mariotie\w was an argument in favour of

its accuracy: when Fresnel himself, after having #aa conversation with Laplace

that Nature cares naught for analytical difficidtiavas compelled to explain his

words so as not to give offence to current opinldowadays, ideas have changed
considerably; but those who do not believe thatiratiaws must be simple, are still

often obliged

(146) to act as if they did believe it. They canentirely dispense with this necessity
without making all generalisation, and therefotesalence, impossible. It is clear that
any fact can be generalised in an infinite numkeways, and it is a question of
choice. The choice can only be guided by consideratof simplicity. Let us take the
most ordinary case, that of interpolation. We dewontinuous line as regularly as
possible between the points given by observatiohy \Wo we avoid angular points
and inflexions that are too sharp? Why do we ndteraur curve describe the most
capricious zigzags ? It is because we know befoehar think we know, that the law
we have to express cannot be so complicated disadllThe mass of Jupiter may be
deduced either from the movements of his satelldesrom the perturbations of the
major planets, or from those of the minor plandtswe take the mean of the
determinations obtained by these three methodsfindethree numbers very close
together, but not quite identical. This result migh interpreted by supposing that the
gravitation constant is not the same in the thrases; the observations would be
certainly much better represented. Why do we rej@stinterpretation ? Not because
it is absurd, but because it is uselessly com@ataiVe shall only accept it when we
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are forced to, and it is not imposed upon us yetsdm up, in most cases every law is
held to be simple until the contrary is proved.

(147)

This custom is imposed upon physicists by the mresitloat | have indicated, but how
can it be justified in the presence of discovendsch daily show us fresh details,
richer and more complex? How can we even recorioNéh the unity of nature ? For
if all things are interdependent, the relationswhich so many different objects
intervene can no longer be simple.

If we study the history of science we see produeeslphenomena which are, so to
speak, each the inverse of the other. Sometimssimplicity which is hidden under
what is apparently complex; sometimes, on the eoptrit is simplicity which is
apparent, and which conceals extremely complexitiesal What is there more
complicated than the disturbed motions of the glanend what more simple than
Newton's law? There, as Fresnel said, Nature giawith analytical difficulties, only
uses simple means, and creates by their combinaopw not what tangled skein.
Here it is the hidden simplicity which must be ditsengled. Examples to the contrary
abound. In the kinetic theory of gases, moleculéstremendous velocity are
discussed, whose paths, deformed by incessant impaave the most capricious
shapes, and plough their way through space in edieggtion. The result observable
is Mariotte's simple law. Each individual fact wasmplicated. The law of great
numbers has re-established simplicity in the medaece the simplicity is only
apparent,

(148) and the coarseness of our senses alone pgaxefrom seeing the complexity.

Many phenomena obey a law of proportionality. Bulbly® Because in these
phenomena there is something which is very smak Jimple law observed is only
the translation of the general analytical rule bych the infinitely small increment of
a function is proportional to the increment of tagiable. As in reality our increments
are not infinitely small, but only very small, tHaw of proportionality is only
approximate, and simplicity is only apparent. Whhave just said applies to the law
of the superposition of small movements, whichadrsitful in its applications and
which is the foundation of optics.

And Newton's law itself? Its simplicity, so longdetected, is perhaps only apparent.
Who knows if it be not due to some complicated nagidm, to the impact of some
subtle matter animated by irregular movements, iéritl has not become simple
merely through the play of averages and large nusf?bl@ any case, it is difficult not
to suppose that the true law contains complementamys which may become
sensible at small distances. If in astronomy thesy reegligible, and if the law thus
regains its simplicity, it is solely on accounttbé enormous distances of the celestial
bodies. No doubt, if our means of investigationamee more and more penetrating,
we should discover the simple beneath
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(149) the complex, and then the complex from tingps, and then again the simple
beneath the complex, and so on, without ever balolg to predict what the last term
will be. We must stop somewhere, and for sciendeetpossible we must stop where
we have found simplicity. That is the only groundwhich we can erect the edifice
of our generalisations. But, this simplicity beiogly apparent, will the ground be
solid enough ? That is what we have now to discover

For this purpose let us see what part is playesuingeneralisations by the belief in
simplicity. We have verified a simple law in a cmeable number of particular

cases. We refuse to admit that this coincidenceftem repeated, is a result of mere
chance, and we conclude that the law must be trtieei general case.

Kepler remarks that the positions of a planet olesby Tycho are all on the same
ellipse. Not for one moment does he think thatabsingular freak of chance, Tycho
had never looked at the heavens except at the merpent when the path of the
planet happened to cut that ellipse. What doesitanthen if the simplicity be real or

if it hide a complex truth? Whether it be due te thfluence of great numbers which
reduces individual differences to a level, or te gineatness or the smallness of certain
quantities which allow of certain terms to be netgd — in no case is it due to
chance. This simplicity, real or apparent, has gbnacause. We shall there-

(150) -fore always be able to reason in the samsigida, and if a simple law has been
observed in several particular cases, we may tegigly suppose that it still will be
true in analogous cases. To refuse to admit thigddvoe to attribute an inadmissible
role to chance. However, there is a differencethd simplicity were real and
profound it would bear the test of the increasingcgion of our methods of
measurement. If, then, we believe Nature to begpiradly simple. we must conclude
that it is an approximate and not a rigorous siaigli This is what was formerly
done, but it is what we have no longer the righddo The simplicity of Kepler's laws,
for instance, is only apparent; but that does metgnt them from being applied to
almost all systems analogous to the solar systeoygh that prevents them from
being rigorously exact.

Rlle of Hypothesis— Every generalisation is a hypothesis. Hypothésesefore
plays a necessarylte, which no one has ever contested. Only, it gshalWways be as
soon as possible submitted to verification. It gedthout saying that, if it cannot
stand this test, it must be abandoned without asjtdtion. This is, indeed, what is
generally done; but sometimes with a certain ingoete. Ah well! this impatience is
not justified. The physicist who has just givename of his hypotheses should, on the
contrary, rejoice, for he found an unexpected ojymity of discovery. His
hypothesis, | imagine, had not

(151) been lightly adopted. It took into accourlttae known factors which seem
capable of intervention in the phenomenon. If ihat verified, it is because there is
something unexpected and extraordinary about italiee we are on the point of
finding something unknown and new. Has the hypashetsis rejected been sterile?
Far from it. It may be even said that it has reademore service than a true
hypothesis. Not only has it been the occasion deeaisive experiment, but if this
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experiment had been made by chance, without thethgpis, no conclusion could
have been drawn; nothing extraordinary would haaenbseen; and only one fact the
more would have been catalogued, without deducirgmf it the remotest
consequence.

Now, under what conditions is the use of hypothesisout danger? The proposal to
submit all to experiment is not sufficient. Somebtheses are dangerous, —first and
foremost those which are tacit and unconscious. ginde we make them without
knowing them, we cannot get rid of them. Here agalrere is a service that
mathematical physics may render us. By the pratigibich is its characteristic, we
are compelled to formulate all the hypotheses Wmatwould unhesitatingly make
without its aid. Let us also notice that it is innfamt not to multiply hypotheses
indefinitely. If we construct a theory based uponltiple hypotheses, and if
experiment condemns it, which of

(152) the premisses must be changed ? It is imiplessd tell. Conversely, if the
experiment succeeds, must we suppose that it mfiedell these hypotheses at once
? Can several unknowns be determined from a segglation ?

We must also take care to distinguish between iffereint kinds of hypotheses. First
of all, there are those which are quite natural aedessary. It is difficult not to
suppose that the influence of very distant bodegyuite negligible, that small
movements obey a linear law, and that effect isrgtiouous function of its cause. |
will say as much for the conditions imposed by sytmn All these hypotheses
affirm, so to speak, the common basis of all theotles of mathematical physics.
They are the last that should be abandoned. Thaaesécond category of hypotheses
which | shall qualify as indifferent. In most quesis the analyst assumes, at the
beginning of his calculations, either that matsecaontinuous, or the reverse, that it is
formed of atoms. In either case, his results wiade been the same. On the atomic
supposition he has a little more difficulty in oiniag them — that is all. If, then,
experiment confirms his conclusions, will he sugptigat he has proved, for example,
the real existence of atoms ?In optical theories wectors are introduced, one of
which we consider as a velocity and the other asrex. This again is an indifferent
hypothesis, since we should have arrived at the

(153) same conclusions by assuming the former ta bertex and the latter to be a
velocity. The success of the experiment cannotertherefore, that the first vector is
really a velocity. It only proves one thing—nameyat it is a vector; and that is the
only hypothesis that has really been introduced ithie premisses. To give it the
concrete appearance that the fallibility of our dsirdemands, it was necessary to
consider it either as a velocity or as a vortexthe same way, it was necessary to
represent it by ar or ay, but. the result will not prove that we were rigihtwrong in
regarding it as a velocity; nor will it prove weeaight or wrong in calling ix and not

y.
These indifferent hypotheses are never dangeromdded their characters are not

misunderstood. They may be useful, either as egsffor calculation, or to assist our
understanding by concrete images, to fix the idasasye say. They need not therefore

78



79

be rejected. The hypotheses of the third categ@yeal generalisations. They must
be confirmed or invalidated by experiment. Whetheified or condemned, they will
always be fruitful; but, for the reasons | haveegiythey will only be so if they are
not too numerous.

Origin of MathematicalPhysics.—Let us go further and study more closély t
conditions which have assisted the development athematical physics. We
recognise at the outset that

(154) the efforts of men of science have alwaydéento resolve the complex
phenomenon given directly by experiment into a viarnge number of elementary
phenomena, and that in three different ways.

First, with respect to time. Instead of embracimgits entirety the progressive
development of a phenomenon, we simply try to coneach moment with the one
immediately preceding. We admit that the preseatesdf the world only depends on
the immediate past, without being directly influedcso to speak, by the recollection
of a more distant past. Thanks to this postulatgead of studying directly the whole
succession of phenomena, we may confine oursetvesiting down itsdifferential
equation;for the laws of Kepler we substitute the law of Nemv

Next, we try to decompose the phenomena in spatet \ékperiment gives us is a
confused aggregate of facts spread over a sceteneiderable extent. We must try to
deduce the elementary phenomenon, which will s#lllocalised in a very small
region of space.

A few examples perhaps will make my meaning cledfere wished to study in all
its complexity the distribution of temperature in@oling solid, we could never do so.
This is simply because, if we only reflect thatanp in the solid can directly impart
some of its heat to a neighbouring point, it willhediately impart that

(155) heat only to the nearest points, and it isgradually that the flow of heat will
reach other portions of the solid. The elementdrgnomenon is the interchange of
heat between two contiguous points. It is strittiyalised and relatively simple if, as
is natural, we admit that it is not influenced e ttemperature of the molecules
whose distance apart is small.

| bend a rod: it takes a very complicated form,dhect investigation of which would
be impossible. But | can attack the problem, howeifd notice that its flexure is
only the resultant of the deformations of the vemyall elements of the rod, and that
the deformation of each of these elements only nidpen the forces which are
directly applied to it, and not in the least onghavhich may be acting on the other
elements.

In all these examples, which may be increased withlifficulty, it is admitted that
there is no action at a distance or at great disnThat is an hypothesis. It is not
always true, as the law of gravitation proves. lismtherefore be verified. If it is
confirmed, even approximately, it is valuable, fbhelps us to use mathematical
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physics, at any rate by successive approximatibns.does not stand the test, we
must seek something else that is analogous, foe e other means of arriving at the
elementary phenomenon. If several bodies act sametusly, it may happen that
their actions are independent, and may be addedootie other. either as vectors or
as scalar

(156) quantities. The elementary phenomenon is theraction of an isolated body.
Or suppose, again, it is a question of small moveseor more generally of small
variations which obey the well-known law of mutwal relative independence. The
movement observed will then be decomposed intolsitpvements — for example,
sound into its harmonics, and white light intorenochromatic components. When
we have discovered in which direction to seek lierélementary phenomena, by what
means may we reach it ? First, it will often hapgeat in order to predict it, or rather
in order to predict what is useful to us, it wilbtnbe necessary to know its
mechanism. The law of great numbers will sufficakd for example the propagation
of heat. Each molecule radiates towards its neighbe- we need not inquire
according to what law; and if we make any suppasitn this respect, it will be an
indifferent hypothesis, and therefore useless anvérifiable. In fact, by the action of
averages and thanks to the symmetry of the medilirdifferences are levelled, and,
whatever the hypothesis may be, the result is awlag same.

The same feature is presented in the theory ofigtgsand in that of capillarity. The
neighbouring molecules attract and repel each ptheeneed not inquire by what law.
It is enough for us that this attraction is seresil small distances only, and that the
molecules arc very numerous, that the medium isvsstrical, and we have

(157) only to let the law of great numbers come jpialy.

Here again the simplicity of the elementary phenoomeis hidden beneath the
complexity of the observable resultant phenomeibaom;in its turn — this simplicity
was only apparent and disguised a very complex erésim. Evidently the best
means of reaching the elementary phenomenon waelldxperiment. It would be
necessary by experimental artifices to dissocihge domplex system which nature
offers for our investigations and carefully to stuithe elements as dissociated as
possible; for example, natural white light would decomposed into monochromatic
lights by the aid of the prism, and into polaridights by the aid of the polariser.
Unfortunately, that is neither always possible atways sufficient, and sometimes
the mind must run ahead of experiment. | shall ayilye one example which has
always struck me rather forcibly. If | decomposete/tight, | shall be able to isolate
a portion of the spectrum, but however small it nbay it will always be a certain
width. In the same way the natural lights which eaéed monochromatic give us a
very fine array, but a y which is not, however initely fine. It might be supposed
that in the experimental study of the propertieshefse natural lights, by operating
with finer and finer rays, and passing on at lasthie limit, so to speak, we should
eventually obtain the properties of a rigorouslynmo
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(158) chromatic light. That would not be accurdtassume that two rays emanate
from the same source, that they are first polarisgalanes at right angles, that they
are then brought back again to the same plane lafripation, and that we try to

obtain interference. If the light were rigorouslyomochromatic, there would be

interference; but with our nearly monochromatithtsy there will be no interference,

and that, however narrow the ray may be. For lteg@therwise, the ray would have to
be several million times finer than the finest kmonays.

Here then we should be led astray by proceedirtpedimit. The mind has to run
ahead of the experiment, and if it has done so witbcess, it is because it has
allowed itself to be guided by the instinct of slioiy. The knowledge of the
elementary fact enables us to state the problethanform of an equation. It only
remains to deduce from it by combination the obeglier and verifiable complex fact.
That is what we caihtegration,and it is the province of the mathematician. It Imig
be asked, why in physical science generalisatiomeadily takes the mathematical
form. The reason is now easy to see. It is not doidgause we have to express
numerical laws; it is because the observable phenomis due to the superposition
of a large number of elementary phenomena whictakgmilar to each other; and
in this way differential equations are quite naliyrantroduced. It is

(159) not enough that each elementary phenomenouldksiobey simple laws: all
those that we have to combine must obey the samethi@n only is the intervention
of mathematics of any use. Mathematics teacheis digct, to combine like with like.
Its object is to divine the result of a combinatiwithout having to reconstruct that
combination element by element. If we have to replea same operation several
times, mathematics enables us to avoid this rémetity telling the result beforehand
by a kind of induction. This | have explained befan the chapter on mathematical
reasoning. But for that purpose all these operationist be similar; in the contrary
case we must evidently make up our minds to workimegm out in full one after the
other, and mathematics will be useless. It is floeee thanks to the approximate
homogeneity of the matter studied by physicistat thathematical physics came into
existence. In the natural sciences the followingditoons are no longer to be found:
— homogeneity, relative independence of remotespaimplicity of the elementary
fact; and that is why the student of natural saeisccompelled to have recourse to
other modes of generalisation.

Endnotes

1. V. Past and Presernend of Chapter L, Book Il. — [TR.]
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Science and Hypothesis
Chapter 10: The Theories of Modern Physics

THE THEORIES OF MODERN PHYSICS.

Significance of Physical Theories.—Téghemeral nature of scientific theories takes
by surprise the man of the world. Their brief pdrad prosperity ended, he sees them
abandoned one after another; he sees ruins piled wgns; he predicts that the
theories in fashion to-day will in a short time sumb in their turn, and he concludes
that they are absolutely in vain. This is what Aksahebankruptcy of science.

His scepticism is superficial; he does not take iatcount the object of scientific
theories and the part they play, or he would undadsthat the ruins may be still
good for something. No theory seemed establishefirmer ground than Fresnel's,
which attributed light to the movements of the etfden if Maxwell's theory is to-

day preferred, does that mean that Fresnel's wak iw vain ? No; for Fresnel's
object was not to know whether there really is #ree if it is or is not formed of

atoms, if these atoms really move in this way ait;this object was to predict optical
phenomena.

This Fresnel's theory enables us to do to

(161) -day as well as it did before Maxwell's timihe differential equations are
always true, they may be always integrated by #mesmethods, and the results of
this integration still preserve their value. It nah be said that this is reducing
physical theories to simple practical recipes; ¢heguations express relations, and if
the equations remain true, it is because the oelsipreserve their reality. They teach
us now, as they did then, that there is such aold auelation between this thing and
that ; only, the something which we then caltedtion,we now callelectric current.
But these are merely names of the images we sutiastifor the real objects which
Nature will hide for ever from our eyes. The treéations between these real objects
are the only reality we can attain, and the soledimn is that the same relations
shall exist between these objects as between thgeswe are forced to put in their
place. If the relations are known to us, what doasatter if we think it convenient to
replace one image by another?

That a given periodic phenomenon (an electric lagimh, for instance) is really due
to the vibration of a given atom, which, behaviikg la pendulum, is really displaced
in this manner or that, all this is neither certagr essential. But that there is between
the electric oscillation, the movement of the pduady and all periodic phenomena an
intimate relationship which corresponds to a prafbreality; that this relationship,

(162) this similarity, or rather this parallelisis,continued in the details; that it is a
consequence of more general principles such asofhiite conservation of energy,
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and that of least action; this we maifirm; thisis the truth which will ever remain
the same in whatever garb we may see fit to clivthe

Many theories of dispersion have been proposed. firee were imperfect, and
contained but little truth. Then came that of Hedttth and this in its turn was
modified in different ways; its author himself cenced another theory, founded on
Maxwell's principles. But the remarkable thingttgt all the scientists who followed
Helmholtz obtain the same equations, although tiséarting-points were to all
appearance widely separated. | venture to say thase theories are all
simultaneously true; .not merely because they assgpeetrue relation—that between
absorption and abnormal dispersion. In the premis$¢hese theories the part that is
true is the part common to all: it is the affirneatiof this or that relation between
certain things, which some call by one name andesoyranother.

The kinetic theory of gases has given rise to maingctions, to which it would be
difficult to find an answer were it claimed thaettheory is absolutely true. But all
these objections do not alter the fact that itleen useful, particularly in revealing to
us one true relation which would otherwise haveai@ed profoundly

(163) hidden —the relation between gaseous and tsrpeessures. In this sense,
then, it may be said to be true.

When a physicist finds a contradiction between tfeories which are equally dear to
him, he sometimes says: " Let us not be troublet)di us hold fast to the two ends
of the chain, lest we lose the intermediate linkshis argument of the embarrassed
theologian would be ridiculous if we were to attid to physical theories the
interpretation given them by the man of the wotld.case of contradiction one of
them at least should be considered false. Buigms® longer the case if we only seek
in them what should be sought. It is quite possithiat they both express true
relations, and that the contradictions only existthe images we have formed to
ourselves of reality. To those who feel that we gomg too far in our limitations of
the domain accessible to the scientist, | replyesehquestions which we forbid you to
investigate, and which you so regret, are not aon$pluble, they are illusory and
devoid of meaning.

Such a philosopher claims that all physics canxXpa@ed by the mutual impact of
atoms. If he simply means that the same relatitaio between physical phenomena
as between the mutual impact of a large numbeillard balls—well and good! this
is verifiable, and perhaps is true. But he meamsetbing more, and we think we
understand him, because we

(164) think we know what an impact is. Why? Simpgcause we have often watched
a game of billiards. Are we to understand that @xperiences the same sensations in
the contemplation of His work that we do in watchangame of billiards ? If it is not
our intention to give his assertion this fantastieaning, and if we do not wish to give
it the more restricted meaning | have already noeet, which is the sound meaning,
then it has no meaning at all. Hypotheses of thied khave therefore only a
metaphorical sense. The scientist should no moneslbahem than a poet banishes
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metaphor; but he ought to know what they are worthey may be useful to give
satisfaction to the mind, and they will do no haaslong as they are only indifferent
hypotheses.

These considerations explain to us why certain rtgpthat were thought to be
abandoned and definitively condemned by experimarg, suddenly revived from
their ashes and begin a new life. It is becausg éxpressed true relations, and had
not ceased to do so when for some reason or othaéelit necessary to enunciate the
same relations in another language. Their life beeh latent, as it were.

Barely fifteen years ago, was there anything madeulous, more quaintly old-
fashioned, than the fluids of Coulomb? And yetgehitrey are re-appearing under the
name ofelectrons. In whatlo these permanently electrified molecules differ

(165) from the electric molecules of Coulomb ?dttiue that in the electrons the
electricity is supported by a little, a very littheatter; in other words, they have mass.
Yet Coulomb did not deny mass to his fluids, ohéf did, it was with reluctance. It

would be rash to affirm that the belief in elecsawill not also undergo an eclipse,

but it was none the less curious to note this ueetqa renaissance.

But the most striking example is Carnot's princigBarnot established it, starting
from false hypotheses. When it was found that et indestructible, and may be
converted into work, his ideas were completely aloaed; later, Clausius returned to
them, and to him is due their definitive triumph.its primitive form, Carnot's theory
expressed in addition to true relations, other anexelations, thdbris of old ideas;
but the presence of the latter did not alter ttaditseof the others. Clausius had only
to separate them, just as one lops off dead branche

The result was the second fundamental law of thdymamics. The relations were

always the same, although they did not hold, atleaall appearance, between the
same objects. This was sufficient for the princifgeretain its value. Nor have the

reasonings of Carnot perished on this account; these applied to an imperfect

conception of matter; but their form —i.e., the ezgml part of them, remained

correct. What

(166) | have just said throws some light at the esgime on the role of general
principles, such as those of the principle of leadion or of the conservation of
energy. These principles are of very great valieyTwere obtained in the search for
what there was in common in the enunciation of maue physical laws; they thus
represent the quintessence of innumerable obsengatHowever, from their very
generality results a consequence to which | halleccattention in Chapter VIII. —
namely, that they are no longer capable of vetifica As we cannot give a general
definition of energy, the principle of the consdiwa of energy simply signifies that
there is asomethingvhich remains constant. Whatever fresh notionsi@fworld may
be given us by future experiments, we are certaforehand that there is something
which remains constant, and which may be ca#ladrgy.Does this mean that the
principle has no meaning and vanishes into a tagyo? Not at all. It means that the
different things. to which we give the name @rfergy are connected by a true
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relationship; it affirms between them a real relatiBut then, if this principle has a
meaning, it may be false; it may be that we haveigiat to extend indefinitely its
applications, and yet it is certain beforehand e¢ovbrified in the strict sense of the
word. How, then, shall we know when it has beererdéd as far as is legitimate ?
Simply when it ceases to be useful to us —i.e.,

(167) when we can no longer use it to predict ailyenew phenomena. We shall be
certain in such a case that the relation affirmeadho longer real, for otherwise it
would be fruitful; experiment without directly coatlicting a new extension of the
principle will nevertheless have condemned it.

Physics and Mechanism. —Most theoristshave a constant predilection for
explanations borrowed from physics, mechanics, ymadhics. Some would be
satisfied if they could account for all phenomena the motion of molecules
attracting one another according to certain lawbe@ are more exact ; they would
suppress attractions acting at a distance; theilecates would follow rectilinear
paths, from which they would only be deviated byauots. Others again, such as
Hertz, suppress the forces as well, but supposé& thelecules subjected to
geometrical connections analogous, for instanct)dse of articulated systems; thus,
they wish to :educe dynamics to a kind of kinengatin a word, they all wish to bend
nature into a certain form, and unless they carnhi® they cannot be satisfied. Is
Nature flexible enough for this ?

We shall examine this question in Chapter X[l.proposof Maxwell's theory. Every
time that the principles of least action and eneagy satisfied, we shall see that not
only is there always a mechanical explanation jpbssbut that there is an unlimited
number of such explanations. By means of a wellmtheorem due to Konigs,

(168) it may be shown that we can explain evergthim an unlimited number of
ways, by connections after the manner of Hertzagain, by central forces. No doubt
it may be just as easily demonstrated that evargtmay be explained by simple
impacts. For this, let us bear in mind that it @& enough to be content with the
ordinary matter of which we are aware by meansuofsenses, and the movements of
which we observe directly. We may conceive of cadynmatter as either composed
of atoms, whose internal movements escape us.enses being able to estimate only
the displacement of the whole; or we may imagine ohthose subtle fluids, which
under the name @theror other names, have from all time played so ingura rle

in physical theories. Often we go further, and rddhe ether as the only primitive, or
even as the only true matter. The more moderatsiden ordinary matter to be
condensed ether, and there is nothing startlinthis conception; but others only
reduce its importance still further, and see in terathothing more than the
geometrical locus of singularities in the etherrd_&elvin, for instance, holds what
we call matter to be only the locus of those poattsvhich the ether is animated by
vortex motions. Riemann believes it to be locusthufse points at which ether is
constantly destroyed; to Wiechert or Larmor, ithe locus, of the pints at which the
ether has undergone a kind of torsion of a

(169) very particular kind. Taking any one of thesénts of view, | ask by what right
do we apply to the ether the mechanical propediiserved in ordinary matter, which
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is but false matter ? The ancient fluids, calagiectricity, etc., were abandoned when
it was seen that heat is not indestructible. Bey tivere also laid aside for another
reason. In materialising them, their individualitgs, so to speak, emphasised — gaps
were opened between them ; and these gaps hadfitetden when the sentiment of
the unity of Nature became stronger, and whenritimate relations which connect
all the parts were perceived. In multiplying theidls, not only did the ancient
physicists create unnecessary entities, but theyyaleed real ties. It is not enough for
a theory not to affirm false relations; it must mohceal true relations.

Does our ether actually exist ? We know the or@imur belief in the ether. If light
takes several years to reach us from a distantistamo longer on the star, nor is it
on the earth. It must be somewhere, and suppostedo speak, by some material
agency.

The same idea may be expressed in a more mathamatid more abstract form.
What we note are the changes undergone by the ialateolecules. We see, for
instance, that the photographic plate experierftesonsequences of a phenomenon
of v hick the incandescent mass of a star wasdteesseveral years before. Now,

(170) in ordinary mechanics, the state of the syateder consideration depends only
on its state at the moment immediately precedihg; $ystem therefore satisfies
certain differential equations. On the other hahdie did not believe in the ether, the
state of the material universe would depend noly am the state immediately
preceding, but also on much older states ; theesystould satisfy equations of finite
differences. The ether was invented to escapehttdaking down of the laws of
general mechanics.

Still, this would only compel us to fill the intdgmetary space with ether, but not to
make it penetrate into the midst of the materiadimeFizeau's experiment goes
further. By the interference of rays which haveseasthrough the air or water in
motion, it seems to show us two different mediagbexting each other, and yet being
displaced with respect to each other. The ethalt lsut in our grasp. Experiments can
be conceived in which we come closer still to issAme that Newton's principle of
the equality of action and re-action is not truapplied to mattealone,and that this
can be proved. The geometrical sum of all the forapplied to all the molecules
would no longer be zero. If we did not wish to opparthe whole of the science of
mechanics, we should have to introduce the etimegrder that the action which
matter apparently undergoes should be counterbedaig the re-action of matter on
something.

(171)

Or again, suppose we discover that optical andratat phenomena are influenced
by the motion of the earth. It would follow thabe phenomena might reveal to us
not only the relative motion of material bodiest biso what would seem to be their
absolute motion. Again, it would be necessary teehen ether in order that these so-
called absolute movements should not be their aigphents with respect to empty
space, but with respect to something concrete.
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Will this ever be accomplished ? | do not think aid | shall explain why ; and yet, it

is not absurd, for others have entertained thisvvi€or instance, if the theory of

Lorentz, of which | shall speak in more detail ihapter Xlll.,were true, Newton's

principle would not apply to mattedone,and the difference would not be very far
from being within reach of experiment. On the othand, many experiments have
been made on the influence of the motion of théhedihe results have always been
negative. But if these experiments have been uakiemt it is because we have not
been certain beforehand; and indeed, accordingnemt theories, the compensation
would be only approximate, and use might expedind accurate methods giving

positive results. | think that such a hope is iys it was none the less interesting to
show that a success of this kind would, in a cerganse, open to us a new world.

And now allow me to make a digression; |

(172) must explain why | do not believe, in spitk larentz, that more exact
observations will ever make evident anything else the relative displacements of
material bodies. Experiments have been made tloaicgihave disclosed the terms of
the first order; the results were nugatory. Coblt have been by chance? No one has
admitted this; a general explanation was souglt Lamentz found it. He showed that
the terms of the first order should cancel eaclerpthut not the terms of the second
order. Then more exact experiments were made, whigtte also negative; neither
could this be the result of chance. An explanatiwvas necessary, and was
forthcoming; they always are; hypotheses are whatagk the least. But this is not
enough. Who is there who does not think that #asés to chance far too important a
rijle ? Would it not also be a chance that this semgabncurrence should cause a
certain circumstance to destroy the terms of ttst firder, and that a totally different
but very opportune circumstance should cause thbske second order to vanish?
No; the same explanation must be found for the ¢ames, and everything tends to
show that this explanation would serve equally ailthe terms of the higher order,
and that the mutual destruction of these termsheiltigorous and absolute.

The Present State of Physics. a0 opposite tendencies may be distinguished in the
history

(173) of the development of physics. On the onedhaew relations are continually
being discovered between objects which seemed néestio remain for ever
unconnected; scattered facts cease to be stratgeeach other and tend to be
marshalled into an imposing synthesis. The marckocdnce is towards unity and
simplicity.

On the other hand, new phenomena are continualygbevealed; it will be long
before they can be assigned their place —someiimesy happen that to find them a
place a corner of the edifice must be demolishethé same way, we are continually
perceiving details ever more varied in the phenanee know, where our crude
senses used to be unable to detect any lack of. Wihat we thought to be simple
becomes complex, and the march of science seent® twwards diversity and
complication.
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Here, then, are two opposing tendencies, each athwéeems to triumph in turn.
Which will win? If the first wins, science is pobk ; but nothing proves this
priori, and it may be that after unsuccessful é¢féo bend Nature to our ideal of unity
in spite of herself, we shall be submerged by ther-esing flood of our new riches
and compelled to renounce all idea of classificatieto abandon our ideal, and to
reduce science to the mere recording of innumeraiipes.

In fact, we can give this question no answer. Alittwe can do is to observe the
Science of to-day, and compare it with that of gehty.

(174) No doubt after this examination we shall beai position to offer a few
conjectures.

Half-a-century ago hopes ran high indeed. The wfifprce had just been revealed to
us by the discovery of the conservation of enemgg af its transformation. This
discovery also showed that the phenomena of hedd d® explained by molecular
movements. Although the nature of these movemeassnet exactly known, no one
doubted but that they would be ascertained betorg.|As for light, the work seemed
entirely completed. So far as electricity was coned, there was not so great an
advance. Electricity had just annexed magnetisms Was a considerable and a
definitive step towards unity. But how was electyien its turn to be brought into the
general unity, and how “vas it to be included & general universal mechanism ? No
one had the slightest idea. As to the possibilitthe inclusion, all were agreed; they
had faith. Finally, as far as the molecular prapsrof material bodies are concerned,
the inclusion seemed easier, but the details werg kazy. In a word, hopes were
vast and strong, but vague.

To-day, what do we see ? In the first place, a Btegdvance — immense progress.
The relations between light and electricity are nawwn; the three domains of light,
electricity, and magnetism, formerly separated, @o& one; and this annexation
seems definitive.

Nevertheless the conquest has caused us some

(175) sacrifices. Optical phenomena become pastictéses in electric phenomena;
as long as the former remained isolated, it wag &aexplain them by movements
which were thought to be known in all their detallfat was easy enough ; but any
explanation to be accepted must now cover the wHoleain of electricity. This
cannot be done without difficulty.

The most satisfactory theory is that of Lorentzisitunquestionably the theory that
best explains the known facts, the one that thriomes relief the greatest number of
known relations, the one in which we find most éismof definitive construction. That
it still possesses a serious fault 1 have shownvebdt is in contradiction with

Newton's law that action and re-action are equal apposite —or rather, this
principle according to Lorentz cannot be applicaiolanatter alone; if it be true, it
must take into account the action of the ether aiten and the re-action of the
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matter on the ether. Now, in the new order, itasyMikely that things do not happen
in this way.

However this may be, it is due to Lorentz that tbsults of Fizeau on the optics of
moving bodies, the laws of normal and abnormal etisipn and of absorption are
connected with each other and with the other pt@=eof the ether, by bonds which
no doubt will not be readily severed. Look at tlases with which the new Zeeman
phenomenon found its place, and even aided thsifitadion of Faraday's magnetic

(176) rotation, which had defied all Maxwell's et This facility proves that
Lorentz's theory is not a mere artificial combioatwhich must eventually find its
solvent. It will probably have to be modified, mdt destroyed.

The only object of Lorentz was to include in a $énghole all the optics and electro-
dynamics of moving bodies; he did not claim to gaemechanical explanation.

Larmor goes further; keeping the essential pattaséntz's theory, he grafts upon it,
so to speak, MacCullagh's ideas on the directiorthef movement of the ether.
MacCullagh held that the velocity of the etherhie same in magnitude and direction
as the magnetic force. Ingenious as is this atterimgt fault in Lorentz's theory

remains, and is even aggravated. According to limreme do not know what the

movements of the ether are; and because we donowet this, we may suppose them
to be movements compensating those of matter, edadfirming that action and re-

action are equal and opposite. According to Larmerknow the movements of the
ether, and we can prove that the compensationriutdake place.

If Larmor has failed, as in my opinion he has, ddesecessarily follow that a
mechanical explanation is impossible ? Far froml gaid above that as long as a
phenomenon obeys the two principles of energy aasdtlaction, so long it allows of
an unlimited number of mechanical

(177) explanations. And so with the phenomena tits@and electricity.

But this is not enough. For a mechanical explanatiiobe good it must be simple; to
choose it from among all the explanations that @oesible there must be other
reasons than the necessity of making a choice., Wellhave no theory as yet which
will satisfy this condition and consequently beaofy use. Are we then to complain ?
That would be to forget the end we seek, whichasthe mechanism; the true and
only aim is unity.

We ought therefore to set some limits to our arabitiLet us not seek to formulate a
mechanical explanation ; let us be content to sti@atwe can always find one if we
wish. In this we have succeeded. The principlehef tonservation of energy has
always been confirmed, and now it has a fellowhm principle of least action, stated
in the form appropriate to physics. This has alserbverified, at least as far as
concerns the reversible phenomena which obey Lgglnequations —in other
words, which obey the most general laws of physite irreversible phenomena are
much more difficult to bring into line; but theya, are being co-ordinated and tend
to come into the unity. The light which illuminatéeem comes from Carnot's
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principle. For a long time thermo-dynamics was awed to the study of the
dilatations of bodies and of their change of sthte.some time past it has been

(178) growing bolder, and has considerably extentedomain. We owe to it the
theories of the voltaic cell and of their thermeettic phenomena; there is not a
corner in physics which it has not explored, anldais even attacked chemistry itself.
The same laws hold good; everywhere, disguisedomesform or other, we find
Carnot's principle; everywhere also appears thaemiy abstract concept of entropy
which is as universal as the concept of energy,likadt, seems to conceal a reality.
It seemed that radiant heat must escape, but tedbat, too, has been brought under
the same laws.

In this way fresh analogies are revealed which bepften pursued in detail; electric
resistance resembles the viscosity of fluids; hgsie would rather be like the friction
of solids. In all cases friction appears to betjipe most imitated by the most diverse
irreversible phenomena, and this relationshipas aad profound.

A strictly mechanical explanation of these phenoméas also been sought, but,
owing to their nature, it is hardly likely thatwiill be found. To find it, it has been
necessary to suppose that the irreversibility i$ dpparent, that the elementary
phenomena are reversible and obey the known lawgramics. But the elements are
extremely numerous, and become blended more and, morthat to our crude sight
all appears to fetid towards uniformity—i.e., akbesns to progress in the same
direction, and that without

(179) hope of return. The apparent irreversibilétyherefore but an effect of the law
of great numbers. Only a being of infinitely suldknses, such as Maxwell's demon,
could unravel this tangled skein and turn backcthase of the universe.

This conception, which is connected with the kinekieory of gases, has cost great
effort and has not, on the whole, been fruitfumey become so. This is not the place
to examine if it leads to contradictions, and ifsiin conformity with the true nature
of things.

Let us notice, however, the original ideas of M.ugmn the Brownian movement.
According to this scientist, this singular movemdaoes not obey Carnot's principle.
The particles which it sets moving would be smallem the meshes of that tightly
drawn net; they would thus be ready to separatmttand thereby to set back the
course of the universe. One can almost see Masvaalinon at workl]

To resume, phenomena long known are gradually beeiter classified, but new
phenomena come to claim their place, and mosteshilike the Zeeman effect, find
it at once. Then we have the cathode rays, theyX-raranium and radium rays; in
fact, a whole world of which none had suspected #xéstence. How many
unexpected
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(180) guests to find a place for! No one can yetmt the place they will occupy, but
| do not believe they will destroy the general wnit think that they will rather
complete it. On the one hand, indeed, the new tiad® seem to be connected with
the phenomena of luminosity; not only do they excitluorescence, but they
sometimes come into existence under the same camslds that property; neither are
they unrelated to the cause which produces theriglspark under the action of ultra-
violet light. Finally, and most important of allf is believed that in all these
phenomena there exist ions, animated, it is truth, velocities far greater than those
of electrolytes. All this is very vague, but it halll become clearer.

Phosphorescence and the action of light on thekspare regions rather isolated, and
consequently somewhat neglected by investigatois.tb be hoped that a new path
will now be made which will facilitate their commigations with the rest of science.
Not only do we discover new phenomena, but thoséhim& we know are revealed in

unlooked-for aspects. In the free ether the lavesgrve their majestic simplicity, but

matter properly so called seems more and more @mpll we can say of it is but

approximate, and our formulae are constantly raggiinew terms.

But the ranks are unbroken, the relations that axe ldiscovered between objects we
thought simple still hold good between the sameab;j

(181) when their complexity is recognised, and #lahe is the important thing. Our
equations become, it is true, more and more comigli; so as to embrace, more
closely the complexity of nature; but nothing isebed in the relations which enable
these equations to be derived from each other.word, the form of these equations
persists. Take for instance the laws of reflectfnesnel established them by a simple
and attractive theory which experiment seemed toficn. Subsequently, more
accurate researches have shown that this verditatas but approximate; traces of
elliptic polarisation were detected everywhere.

But it is owing to the first approximation that tbause of these anomalies was found
in the existence of a transition layer, and all &ssentials of Fresnel's theory have
remained. We cannot help reflecting that all thedations would never have been
noted if there had been doubt in the first plactoake complexity of the objects they
connect. Long ago it was said: If Tycho had hatrimsents ten times as precise, we
would never have had a Kepler, or a Newton, orgksimy. It is a misfortune for a
science to be born too late, when the means ofraditien have become too perfect.
That is what is happening at this moment with respe physical chemistry; the
founders are hampered in their general grasp b thind fourth decimal places;
happily they are men of robust faith. As h e getriow the properties of matter better
we see that continuity reigns.

(182) From the work of Andrews and Van der Waals,see how the transition from
the liquid to the gaseous state is made, and tigniot abrupt. Similarly, there is no
gap between the liquid and solid states, and inptbeeedings of a recent Congress
we see memoirs on the rigidity of liquids side lgeswith papers on the flow of
solids.
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With this tendency there is no doubt a loss of $icitp. Such and such an effect was
represented by straight lines; it is now necestacpnnect these lines by more or less
complicated curves. On the other hand, unity ime@i Separate categories quieted
but did not satisfy the mind.

Finally, a new domain, that of chemistry, has beeaded by the method of physics,
and we see the birth of physical chemistry. Itti$ guite young, but already it has

enabled us to connect such phenomena as elecsragsnosis, and the movements of
ions.

From this cursory — exposition what can we concl®d&aking all things into
account, we have approached the realisation ofy.uiitis has not been done as
quickly as was hoped fifty years ago, and the ga#dicted has not always been
followed; but, on the whole, much ground has besney.

Endnotes
1. Clerk-Maxwell imagined some supernatural agenayak, sorting molecules

in a gas of uniform temperature into (a) those @ssieg kinetic energy above
the average, (b) those possessing kinetic enelgwhbe average.—[TR.]
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Science and Hypothesis
Chapter 11: The Calculus of Probabilities

THE CALCULUS OF PROBABILITIES.

No doubt the reader will be astonished to find eibns on the calculus of
probabilities in such a volume as this. What ha ttalculus to do with physical
science? The questions | shall raise — without,éw@s, giving them a solution —are
naturally raised by the philosopher who is exangrtime problems of physics. So far
is this the case, that in the two preceding chapteave several times used the words
"probability" and "chance." " Predicted facts,"lasid above, "can only be probable.”
However solidly founded a prediction may appeatbé we are never absolutely
certain that experiment will not prove it falset llue probability is often so great that
practically it may be accepted. And a little fartlom | added:—"See what a part the
belief in simplicity plays in our generalisationde have verified a simple law in a
large number of particular cases, and we refusadtoit that this so-often-repeated
coincidence is a mere effect of chance." Thus, mutitude of circumstances the
physicist is often in the same position as the damivho reckons up his chances.
Every time that he reasons by

(184) induction, he more or less consciously rexguthe calculus of probabilities, and
that is why | am obliged to open this chapter pHretically, and to interrupt our
discussion of method in the physical sciences deioto examine a little closer what
this calculus is worth, and what dependence we pege upon it. The very name of
the calculus of probabilities is a paradox. Prolitgbas opposed to certainty is what
one does not know, and how can we calculate theawmk? Yet many eminent
scientists have devoted themselves to this calcwnd it cannot be denied that
science has drawn therefrom no small advantage. ¢éowwe explain this apparent
contradiction ? Has probability been defined ? @aeven be defined ? And if it
cannot, how can we venture to reason upon it ?defi@ition, it will be said, is very
simple. The probability of an event is the ratiotled number of cases favourable to
the event to the total number of possible casesimple example will show how
incomplete this definition is:—I throw two dice. \&ftis the probability that one of
the two at least turns up a 6 ? Each can turn wgximlifferent ways; the number of
possible cases is 6 x 6=36. The number of favoarahses is 11 ; the probability is
11/36. That is the correct solution.

But why cannot we just as well proceed as follows®Phe points which turn up on
the two dice form 6 x 7/2 =21 different combinasoAmong these combinations, six
are favourable; the probability

(185) is 6/21. Now why is the first method of ca#ting the number of possible cases
more legitimate than the second? In any casenibighe definition that tells us. We
are therefore bound to complete the definition &yirsg, " . . . to the total number of
possible cases, provided the cases are equallyalpiahb So we are compelled to
define the probable by the probable. How can wenkiitat two possible cases are
equally probable ? Will it be by a convention R insert at the beginning of every
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problem an explicit convention, well and good! Wert have nothing to do but to
apply the rules of arithmetic and algebra, and amete our calculation, when our
result cannot be called in question. But if we wisimake the slightest application of
this result, we must prove that our convention dgitimate, and eve shall find
ourselves in the presence of the very difficulty tiveught we had avoided. It may be
said that common-sense is enough to show us theentian that should be adopted.
Alas! M. Bertrand has amused himself by discussireggfollowing simple problem
‘—" What is the probability that a chord of a c&echay be greater than the side of the
inscribed equilateral triangle?" The illustriousogeeter successively adopted two
conventions which seemed to be equally imperatiihé eyes of common-sense, and
with one convention he finds 1/2 and with the oth{&. The conclusion which seems
to follow from this is that the calculus of probi#i®s is a useless science, that the
obscure

(186) instinct which we call common-sense, and thicv we appeal for the
legitimisation of our conventions, must be distegstBut to this conclusion we can no
longer subscribe. We cannot do without that obséaséinct. Without it, science
would be impossible, and without it we could neitdescover nor apply a law. Have
we any right, for instance, to enunciate Newtords/ |? No doubt numerous
observations are in agreement with it, but is hat & simple fact of chance ? and how
do we know, besides, that this law which has beas for so many generations will
not be untrue in the next ? To this objection thiy answer you can give is: It is very
improbable. But grant the law. By means of it | caiculate the position of Jupiter in
a year from now. Yet have | any right to say thi8Ro can tell if a gigantic mass of
enormous velocity is not going to pass near tharsglstem and produce unforeseen
perturbations ? Here again the only answer is ltery improbable. From this point
of view all the sciences would only be unconsciapslications of the calculus of
probabilities. And if this calculus be condemndugkrt the whole of the sciences must
also be condemned. | shall not dwell at length cerdific problems in which the
intervention of the calculus of probabilities is m@vident. In the forefront of these is
the problem of interpolation, in which, knowing ar@in number of values of a
function, we try to discover the intermediary vaud may also mention the
celebrated theory of errors of observa-

(187) -tion, to which | shall return later; the &tic theory of gases, a well-known
hypothesis wherein each gaseous molecule is sugpptoselescribe an extremely
complicated path, but in which, through the effeftgreat numbers, the mean
phenomena which are all eve observe obey the sitaple of Mariotte and Gay-
Lussac. All these theories are based upon the dhgseat numbers, and the calculus
of probabilities would evidently involve them irsituin. It is true that they have only
a particular interest, and that, save as far asrpotation is concerned, they are
sacrifices to which we might readily be resignedt Bhave said above, it would not
be these partial sacrifices that would be in qoesit would be the legitimacy of the
whole of science that would be challenged. | gsée that it might be said: We do not
know, and yet we must act. As for action, we hawetime to devote ourselves to an
inquiry that will suffice to dispel our ignoranc8esides, such an inquiry would
demand unlimited time. We must therefore make up@nds without knowing. This
must be often done whatever may happen, and we foilst the rules although we
may have but little confidence in them. What | kniswnot that such a thing is true,
but that the best course for me is to act aswkite true. The calculus of probabilities,
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and therefore science itself, would be no longer afy practical value.

Unfortunately the difficulty does not thus disappe® gambler wants to try a coup,
and he

(188) asks my advice. If | give it him, | use thelaulus of probabilities; but | shall
not guarantee success. That is what | shallstddjective probabilityln this case we
might be content with the explanation of which V&gust given a sketch. But assume
that an observer is present at the play, that losv&rof the coup, and that play goes
on for a long time, and that he makes a summahysofiotes. He will find that events
have taken place in conformity with the laws of taculus of probabilities. That is
what | shall callobjective Probability,and it is this phenomenon which has to be
explained. There are numerous Insurance Societl@shwapply the rules of the
calculus of probabilities, and they distribute tweit shareholders dividends, the
objective reality of which cannot be contestedoider to explain them, we must do
more than invoke our ignorance and the necessiactidn. Thus, absolute scepticism
is not admissible. We may distrust, but we canmotdemnen bloc.Discussion is
necessary.

I. Classification of the Problems of Probability- In order to classify the problems
which are presented to us with reference to prditiabj we must look at them from
different points of view, and first of all, from ah of generality. Isaid above that
probability is the ratio of the number of favoumlib the number of possible cases.
What for want of a better term | call generalityllwincrease with the number of
possible cases. This number may be finite, asn&ance, if we take a throw of the

(189) dice in which the number of possible case86isThat is the first degree of
generality. But if we ask, for instance, what ig tbrobability that a point within a
circle is within the inscribed square, there aremasy possible cases as there are
points in the circle —that is to say, an infinitenmber. This is the second degree of
generality. Generality can be pushed further afile may ask the probability that a
function will satisfy a given condition. There areen as many possible cases as one
can imagine different functions. This is the thdebree of generality, which we reach,
for instance, when we try to find the most probalale after a finite number of
observations. Yet we may place ourselves at a gliiferent point of view. If we
were not ignorant there would be no probabilitgréncould only be certainty. But our
ignorance cannot be absolute, for then there wbeldo longer any probability at all.
Thus the problems of probability may be classeawting to the greater or less depth
of this ignorance. In mathematics we may set ouesgbroblems in probability. What
is the probability that the fifth decimal of a laggam taken at random from a table is
a 9. There is no hesitation in answering that gmsbability is 1-10th. Here we
possess all the data of the problem. We can cadcolar logarithm without having
recourse to the table, but we need not give owesetlie trouble. This is the first
degree of ignorance. In the physical sciencesgnorance is already greater.

(190) The state of a system at a given moment dkpen two things —its initial
state, and the law according to which that statesalf we know both this law and
this initial state, we have a simple mathematicdabfem to solve, and we fall back
upon our first degree of ignorance. Then it oftapgens that we know the law and do

95



96

not know the initial state. It may be asked, fostamce, what is the present
distribution of the minor planets? We know thatfrall time they have obeyed the
laws of Kepler, but we do not know what was thaitial distribution. In the kinetic
theory of gases we assume that the gaseous mdaduoliew recti-linear paths and
obey the laws of impact and elastic bodies; yetvasknow nothing of their initial
velocities, we know nothing of their present velies. The calculus of probabilities
alone enables us to predict the mean phenomené wiilicesult from a combination
of these velocities. This is the second degregmdrance. Finally it is possible, that
not only the initial conditions but the laws thefss are unknown. We then reach
the third degree of ignorance, and in general weraalonger affirm anything at all
as to the probability of a phenomenon. It oftengeaqs that instead of trying to
discover an event by means of a more or less iregeknowledge of the law, the
events may be known, and we want to find the lawthat, instead of deducing
effects from causes, we wish to deduce the causes

(191) from the effects. Now, these problems aresii@d asprobability of causes,
and are the most interesting of all from their stifee applications. | play aticart’
with a gentleman whom | know to be perfectly hon&ghat is the chance that he
turns up the king ? It is 1/8. This is a problentha probability of effects. | play with
a gentleman whom | do not know. He has dealt t®egj and he has turned the king
up six times. What is the chance that he is a &naPpThis is a problem in the
probability of causes. It may be said that it i® tessential problem of the
experimental method. | have observedhlues ofk and the corresponding valuesyof

| have found that the ratio of the latter to thenfer is practically constant. There is
the event; what is the cause ? Is it probable ttherte is a general law according to
which y would be proportional ta&, and that small divergencies are due to errors of
observation ? This is the type of question thatame ever asking, and which we
unconsciously solve whenever we are engaged imtgaework. | am now going to
pass in review these different categories of proBley discussing in succession what
| have called subjective and objective probability.

II. Probability in Mathematics. —Fhe impossibility of squaring the circle was shown
in 1885, but before that date all geometers consdle¢his impossibility, as so"
probable” that the Acadmie des Sciences rejected without examinationatiaes)

(192) too numerous memoirs on this subject thatnaunhappy madmen sent in every
year. Was the Acadmie wrong? Evidently not, and it knew perfectly ivlat by
acting in this manner it did not run the least ridkstifling a discovery of moment.
The Acad/mie could not have proved that it was right, biknew quite well that its
instinct did not deceive it. If you had asked theademicians, they would have
answered: " We have compared the probability thair&known scientist should have
found out what has been vainly sought for so lawi¢fp the probability that there is
one madman the more on the earth, and the lateeappeared to us the greater.”
These are very good reasons, but there is nothathematical about them; they are
purely psychological. If you had pressed them ferthhey would have added: "Why
do you expect a particular value of a transcendidotaction to be an algebraical
number; ifr be the root of an algebraical equation, why do gxypect this root to be a
period of the functiorsin 2x,and why is it not the same with the other rootshef
same equation?" To sum up, they would have invakedprinciple of sufficient
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reason in its vaguest form. Yet what informatiomldathey draw from it ? At most a
rule of conduct for the employment of their timeqigh would be more usefully spent
at their ordinary work than in reading a lucubmattbat inspired in them a legitimate
distrust. But

(293) what | called above objective probability mmthing in common with this first
problem. It is otherwise with the second. Let ussider the first 10,000 logarithms
that we find in a table. Among these 10,000 lopani | take one at random. What is
the probability that its third decimal is an evemmmber? You will say without any
hesitation that the probability is 1/2, and in fécyou pick out in a table the third
decimals in these 10,000 numbers you will find yeas many even digits as odd. Or,
if you prefer it, let us write 10,000 numbers cspending to our 10,000 logarithms,
writing down for each of these numbers + 1 if thied decimal of the corresponding
logarithm is even, and - 1 if odd; and then lettaise the mean of these 10,000
numbers. | do not hesitate to say that the medhesie 10,000 units is probably zero,
and if | were to calculate it practically, | wowerify that it is extremely small. But
this verification is needless. | might have rigalyuproved that this mean is smaller
than 0.003. To prove this result | should have toathake a rather long calculation
for which there is no room here, and for which lymefer the reader to an article that
| published in theRevue ginlirale des Science#pril 15th, 1899. The only point to
which | wish to draw attention is the following. this calculation | had occasion to
rest my case on only two facts — namely, that tre# &nd second derivatives of the
logarithm remain, in the interval considered,

(194) between certain limits. Hence our first cosan is that the property is not only
true of the logarithm but of any continuous funetishatever, since the derivatives of
every continuous function are limited. If | was te@m beforehand of the result, it is
because | have often observed analogous factstl@r @ontinuous functions; and
next, it is because | went through in my mind imare or less unconscious and
imperfect manner the reasoning which led me toptieeeding inequalities, just as a
skilled calculator before finishing his multipliégan takes into account what it ought
to come to approximately. And besides, since whedlll my intuition was only an
incomplete summary of a piece of true reasonings itlear that observation has
confirmed my predictions, and that the objectivel aabjective probabilities are in
agreement. As a third example | shall choose thewmg: — The numbeu is taken
at random and is a given very large integer. What is the mean vafugn nu? This
problem has no meaning by itself. To give it onepavention is required —namely,
we agree that the probability for the numbeto lie betweera anda+da is ¢a)dg
that it is therefore proportional to the infinitedynall intervalda, and is equal to this
multiplied by a functiong(a), only depending om. As for this function | choose it
arbitrarily, but | must assume it to be continuolise value ofsin nuremaining the
same whem increases by | may without loss of generality assume that

(195) u lies between 0 and 2, and | shall thus be ledippagse thafa) is a periodic
function whose period is 2, and | shall thus beteduppose thai) is a periodic
function whose period isT2 The mean value that we seek is readily exprebgeal
simple integral, and it is easy to show that thiggral is smaller thagM «/n", M
being the maximum value of the Kth derivative(oj. We see then that if the Kth
derivative is finite, our mean value will tend tawa zero when it increases
indefinitely, and that more rapidly than f’nThe mean value dfin nuwhen n is
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very large is therefore zero. To define this vdlueguired a convention, but the result
remains the samehatever that convention may bBehave imposed upon myself but
slight restrictions when | assumed that the fumcte) is continuous and periodic, and
these hypotheses are so natural that we may asklees how they can be escaped.
Examination of the three preceding examples, deréifit in all respects, has already
given us a glimpse on the one hand of thkerof what philosophers call the principle
of sufficient reason, and on the other hand ofitligortance of the fact that certain
properties are common to all continuous functioftse study of probability in the
physical sciences will lead us to the same result.

[ll. Probability in the Physical Sciences\We now come to the problems which are
connected with what | have called the second degfree

(196) ignorance —namely, those in which we know ke but do not know the
initial state of the system. | could multiply exdew but | shall take only one. What
is the probable present distribution of the minkanpts on the zodiac ? We know they
obey the laws of Kepler. We may even, without clagmghe nature of the problem,
suppose that their orbits are circular and situatée same plane, a plane which we
are given. On the other hand, we know absolutelthing about their initial
distribution. However, we do not hesitate to affitmat this distribution is now nearly
uniform. Why? Letb be the longitude of a minor planet in the initipbeh —that is
to say, the epoch zero. Latbe its mean motion. Its longitude at the presiem t—
i.e., at the time will be at + b. To say that the present distribution is uniform is&y
that the mean value of the sines and cosines diptad ofat + b is zero. Why do we
assert this? Let us represent our minor planetfnyird in a plane —namely, the point
whose co-ordinates aeeandb. All these representative points will be contaimea
certain region of the plane, but as they are vamnerous this region will appear
dotted with points. We know nothing else about distribution of the points. Now
what do we do when we apply the calculus of prdiiags to such a question as this?
What is the probability that one or more repredergapoints may be found in a
certain portion of the plane? In our ignorance vee a

(197) compelled to make an arbitrary hypothesis. ekplain the nature of this
hypothesis | may be allowed to use, instead of themaatical formula, a crude but
concrete image. Let us suppose that over the sudour plane has been spread
imaginary matter, the density of which is varialidat varies continuously. We shall
then agree to say that the probable number of septative points to be found on a
certain portion of the plane is proportional to tgantity of this imaginary matter
which is found there. If there are, then, two regiof the plane of the same extent,
the probabilities that a representative point of ofi our minor planets is in one or
other of these regions will be as the mean dessitiehe imaginary matter in one or
other of the regions. Here then are two distrimgjoone real, in which the
representative points are very numerous, very ctogether, but discrete like the
molecules of matter in the atomic hypothesis; ttieoremote from reality, in which
our representative points are replaced by imaginantinuous matter. We know that
the latter cannot be real, but we are forced tgadahrough our ignorance. If, again,
we had some idea of the real distribution of thpresentative points, we could
arrange it so that in a region of some extent @esiy of this imaginary continuous
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matter may be nearly proportional to the numberepkesentative points, or, if it is
preferred, to the number of atoms which are coathin that region. Even that is im-

(198) possible, and our ignorance is so greatwleaare forced to choose arbitrarily
the function which defines the density of our inmegy matter. We shall be
compelled to adopt a hypothesis from which we cardly get away; we shall
suppose that this function is continuous. Thauiigent, as we shall see, to enable
us to reach our conclusion.

What is at the instaritthe probable distribution of the minor planets —ather, what
is the mean value of the sine of the longitudehatrhoment —i.e.,of sin (at+b) ?
We made at the outset an arbitrary conventionjfmé adopt it, this probable value
is entirely defined. Let us decompose the plane é¢ments of surface. Consider the
value ofsin (at+b) at the centre of each of these elements. Multiply Yalue by the
surface of the element and by the correspondingityeaf the imaginary matter. Let
us then take the sum for all the elements of taagl This sum, by definition, will be
the probable mean value we seek, which will thugxXmgressed by a double integral.
It may be thought at first that this mean valueedafs on the choice of the function
...phi... which defines the density of the imagynaratter, and as this function ...phi...
is arbitrary, we can, according to the arbitrargich which we make, obtain a certain
mean value. But this is not the case. A simpleuaton shows us that our double
integral decreases very rapidly as f increasess,Tiheannot tell what hypothesis to

(199) make as to the probability of this or thatiah distribution, but when once the
hypothesis is made the result will be the same,thisdgets me out of my difficulty.

Whatever the function may be, the mean value témdards zero asincreases, and

as the minor planets have certainly accomplisheshalarge number of revolutions, |
may assert that this mean value is very small. y gige to any value | choose, with
one restriction: this function must be continuoasgl, in fact, from the point of view
of subjective probability, the choice of a discantus function would have been
unreasonable. What reason could | have, for instaftz supposing that the initial
longitude might be exactly’ 0 but that it could not lie between Cand 17 ?

The difficulty reappears if we look at it from theoint of view of objective
probability; if we pass from our imaginary distritmn in which the supposititious
matter was assumed to be continuous, to the restildition in which our
representative points are formed as discrete atbhesmean value of si@t+b) will
be represented quite simply by

1/n sin(at + b),

it being the number of minor planets. Instead oflauble integral referring to a
continuous function, we shall have a sum of disctetms.

However, no one will seriously doubt that this meaiue is practically very small.
Our repre-
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(200) -sentative points being very close togetloer, discrete sum will in general
differ very little from an integral. An integral e limit towards which a sum of
terms tends when the number of these terms isimtidy increased. If the terms are
very numerous, the sum will differ very little froits limit—that is to say, from the
integral, and what | said of the latter will stilé true of the sum itself. But there are
exceptions. If, for instance, for all the minormds b = /2at, the longitude of all the
planets at the time t would be /2 , and the medumevim question would be evidently
unity. For this to be the case at the time O, th@omplanets must have all been lying
on a kind of spiral of peculiar form, with its spérvery close together. All will admit
that such an initial distribution is extremely impable (and even if it were realised,
the distribution would not be uniform at the prestime — for example, on the 1st
January 1900 ; but it would become so a few yedes). Why, then, do we think this
initial distribution improbable ? This must be exiped, for if we are wrong in
rejecting as improbable this absurd hypothesis,imquiry breaks down, and we can
no longer affirm anything on the subject of the bability of this or that present
distribution. Once more we shall invoke the priteipf sufficient reason, to which
we must always recur. We might admit that at thegirbeng the planets were
distributed almost

(201) in a straight line. We might admit that thegre irregularly distributed. But it
seems to us that there is no sufficient reasoriif®runknown cause that gave them
birth to have acted along a curve so regular aridsgecomplicated, which would
appear to have been expressly chosen so thatdtidbdiion at the present day would
not be uniform.

IV. Rouge et Noir— The questions raised by games of chance, suobuésite, are,
fundamentally, quite analogous to those we havetjeated. For example, a wheel is
divided into thirty-seven equal compartments, akigely red and black. A ball is spun
round the wheel, and after having moved round abmurof times, it stops in front of
one of these sub-divisions. The probability tha thvision is red is obviously 1/2.
The needle describes an angiecluding several complete revolutions. | do nobkn
what is the probability that the ball is spun wstiich a force that this angle should lie
between and +d, but | can make a convention. Istgapose that this probability is
()d. As for the function (), | can choose it in antirely arbitrary manner. | have
nothing to guide me in my choice, but | am natyraiduced to suppose the function
to be continuous. Let be a length (measured orciftocemference of the circle of
radius unity) of each red and black compartment.HaAee to calculate the integral of
()d, extending it on the one hand to all the red an the other hand to all

(202) the black compartments, and to compare tkaltee Consider an interva
comprising two consecutive red and black compartmebet M andm be the
maximum and minimum values of the function () iristlinterval. The integral
extended to the red compartments will be smallen ti; extended to the black it will
be greater tham. The difference will therefore be smaller than {\h). But if the
function is supposed continuous, and if on the rottend the interval is very small
with respect to the total angle described by thedhe the difference M m will be
very small. The difference of the two integralsivaié therefore very small, and the
probability will be very nearly 1/2. We see thatthwaiut knowing anything of the
function we must act as if the probability were.142d on the other hand it explains
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why, from the objective point of view, if | watch eertain number of coins,
observation will give me almost as many black ccapsed. All the players know this
objective law; but it leads them into a remarkabkeor, which has often been
exposed, but into which they are always falling.aN'lthe red has won, for example,
six times running, they bet on black, thinking thiay are playing an absolutely safe
game, because they say it is a very rare thingh®red to win seven times running.
In reality their probability of winning is still 2/ Observation shows, it is true, that the
series of seven consecutive reds is very rare,

(203) but series of six reds followed by a black also very rare. They have noticed
the rarity of the series of seven reds; if theyehawot remarked the rarity of six reds
and a black, it is only because such series dtnattention less.

V. The Probability of Causes—We now come to the problems of the probability o
causes, the most important from the point of viewsadentific applications. Two
stars, for instance, are very close together onctiestial sphere. Is this apparent
contiguity a mere effect of chance ? Are thesesstalthough almost on the same
visual ray, situated at very different distancesrfrthe earth, and therefore very far
indeed from one another ? or does the apparergsmond to a real contiguity? This
is a problem on the probability of causes.

First of all, | recall that at the outset of albptems of probability of effects that have
occupied our attention up to now, we have had ¢écausonvention which was more or
less justified; and if in most cases the result teas certain extent independent of this
convention, it was only the condition of certairpbtheses which enabled uspriori

to reject discontinuous functions, for example,certain absurd conventions. We
shall again find something analogous to this whendeal with the probability of
causes. An effect may be produced by the causeby the cause. The effect has
just been observed. We ask the probability

(204) that it is due to the cauaeThis is an posterioriprobability of cause. But |
could not calculate it, if a convention more orsl@sstified did not tell me in advance
what is thel] priori probability for the causea to come into play—I mean the
probability of this event to some one who had nudesved the effect. To make my
meaning clearer, |1 go back to the gameohrtl] mentioned before. My adversary
deals for the first time and turns up a king. Wisathe probability that he is a
sharper? The formulae ordinarily taught gives &®esult which is obviously rather
surprising. If we look at it closer, we see tha tonclusion is arrived at as if, before
sitting down at the table, | had considered thata¢hwas one chance in two that my
adversary was not honest. An absurd hypothesisausecin that case | should
certainly not have played with him; and this expéathe absurdity of the conclusion.
The function on thel priori probability was unjustified, and that is why the
conclusion of the’] posteriori probability led me into an inadmissible result.eTh
importance of this preliminary convention is obwou shall even add that if none
were made, the problem of the posteriori probability would have no meaning. It
must be always made either explicitly or tacitly.

Let us pass on to an example of a more scientiferacter. | require to determine an
experimental law; this law, when discovered, can
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(205) be represented by a curve. | make a certaimber of isolated observations,
each of which may be represented by a point. Whieavé obtained these different
points, | draw a curve between them as carefullyp@ssible, giving my curve a

regular form, avoiding sharp angles, accentuatdexions, and any sudden variation
of the radius of curvature. This curve will repmaise® me the probable law, and not
only will it give me the values of the functiongermediary to those which have been
observed, but it also gives me the observed vafuese accurately than direct

observation does; that is why | make the curve pass the points and not through
the points themselves.

Here, then, is a problem in the probability of asusThe effects are the measurements
| have recorded; they depend on the combinatiawofcauses — the true law of the
phenomenon and errors of observation. Knowing tifiects, we have to find the
probability that the phenomenon shall obey this tawhat, and that the observations
have been accompanied by this or that error. Thet rpmbable law, therefore,
corresponds to the curve we have traced, and tts pnobable error is represented
by the distance of the corresponding point front thave. But the problem has no
meaning if before the observations | had apriori idea of the probability of this law
or that, or of the chances of error to which | aqpased. If my instruments are

(206) good (and | knew whether this is so or ndoteebeginning the observations), |

shall not draw the curve far from the points whiepresent the rough measurements.
If they are inferior, | may draw it a little farthérom the points, so that | may get a
less sinuous curve; much will be sacrificed to fagty.

Why, then, do | draw a curve without sinuositieBetause | consider priori a law
represented by a continuous function (or functioa derivatives of which to a high
order are small), as more probable than a law atigfging those conditions. But for
this conviction the problem would have no meaninggerpolation would be
impossible; no law could be deduced from a finitenber of observations; science
would cease to exist.

Fifty years ago physicists considered, other thingigg equal, a simple law as more
probable than a complicated law. This principle vea®n invoked in favour of
Mariotte's law as against that of Regnault. Bus thelief is now repudiated; and yet,
how many times are we compelled to act as thoughtiNéeld it' However that may
be, what remains of this tendency is the beliefantinuity, and as we have just seen,
if the belief in continuity were to disappear, espwntal science would become
impossible.

VI. The Theory of Errors— We are thus brought to consider the theory obrer
which is directly

(207) connected with the problem of the probabitfycauses. Here again we find
effects—to wit, a certain number of irreconcilable obséiuas, and we try to find the
causes which are, on the one hand, the true vélie @uantity to be measured, and,
on the other, the error made in each isolated when. We must calculate the
probablel] posteriori value of each error, and therefore fihabable value of the
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guantity to be measured. But, as | have just empthi we cannot undertake this
calculation unless we admit priori —i.e., before any observations are made that
there is a law of the probability of errors. Isrtha law of errors? The law to which all
calculators assent is Gauss's law, that is repiesday a certain transcendental curve
known as the " bell."

But it is first of all necessary to recall the dasdistinction between systematic and
accidental errors. If the metre with which we measulength is too long, 'he number
we get will be too small, and it will be no use measure several times—that is a
systematic error. If we measure with an accurateenae may make a mistake, and
find the length sometimes too large and sometirmessinall, and when we take the
mean of a large number of measurements, the efidend to grow small. These are

accidental errors.

It is clear that systematic errors do not satishu€s's law, but do accidental errors
satisfy it

(208) Numerous proofs have been attempted, almbst them crude paralogisms.
But starting from the following hypotheses we magvye Gauss's law: the error is the
result of a very large number of partial and indefsnt errors; each partial error is
very small and obeys any law of probability whatey®ovided the probability of a
positive error is the same as that of an equal thegarror. It is clear that these
conditions will be often, but not always, fulfillednd we may reserve the name of
accidental for errors which satisfy them.

We see that the method of least squares is ndinkede in every case; in general,
physicists are more distrustful of it than astroeosn This is no doubt because the
latter, apart from the systematic errors to whiclytand the physicists are subject
alike, have to contend with an extremely importsmiirce of error which is entirely
accidental—I mean atmospheric undulations. Sowviery curious to hear a discussion
between a physicist and an astronomer about a ehethobservation. The physicist,
persuaded that one good measurement is worth rhare hany bad ones, is pre-
eminently concerned with the elimination by meah&wery precaution of the final
systematic errors; the astronomer retorts: "But gan only observe a small number
of stars, and accidental errors will not disappear.

What conclusion must we draw ? Must we continuest the method of least squares
?

(209) We must distinguish. We have eliminated sl $ystematic errors of which we
have any suspicion ; we are quite certain thatetlae others still, but we cannot
detect them ; and yet we must make up our mindsadogt a definitive value which
will be regarded as the probable value; and fot pheipose it is clear that the best
thing we can do is to apply Gauss's law. We havy applied a practical rule
referring to subjective probability. And there s more to be said.

Yet we want to go farther and say that not onlyghabable value is so much, but that
the probable error in the result is so much. Thibsolutely invalidit would be true
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only if we were sure that all the systematic erneeye eliminated, and of that we
know absolutely nothing. We have two series of olagéns; by applying the law of
least squares we find that the probable error enfitist series is twice as small as in
the second. The second series may, however, be anowgate than the first, because
the first is perhaps affected by a large systenatior. All that we can say is, that the
first seriesis probablybetter than the second because its accidental isrsmaller,
and that we have no reason for affirming that tretesnatic error is greater for one of
the series than for the other, our ignorance anghint being absolute.

VII. Conclusions—In the preceding lines | have

(209) set several problems, and have given no isalut do not regret this, for
perhaps they will invite the reader to reflect ohede delicate questions.

However that may be, there are certain points whadm to be well established. To
undertake the calculation of any probability, amdrefor that calculation to have any
meaning at all, we must admit, as a point of depastan hypothesis or convention
which has always something arbitrary about it.Ha thoice of this convention we
can be guided only by the principle of sufficieeason. Unfortunately, this principle
is very vague and very elastic, and in the curgxgmination we have just made we
have seen it assume different forms. The form umdech we meet it most often is
the belief in continuity, a belief which it wouldekdifficult to justify by apodeietic
reasoning, but without which all science would bpossible. Finally, the problems
to which the calculus of probabilities may be apglivith profit are those in which
the result is independent of the hypothesis madieeabutset, provided only that this
hypothesis satisfies the condition of continuity.
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Science and Hypothesis
Chapter 12: Optics and Electricity

OPTICS AND ELECTRICITY.[1]

Fresnel's Theory—The best example that can be chosen is the tleddight and its
relations to the theory of electricity. It is owihg Fresnel that the science of optics is
more advanced than any other branch of physics. thieery called the theory of
undulations forms a complete whole, which is syitigf to the mind; but we must not
ask from it what it cannot give us. The object @thematical theories is not to reveal
to us the real nature of things; that would be mrmeasonable claim. Their only object
is to co-ordinate the physical laws with which phgs experiment makes us
acquainted, the enunciation of which, without tiet @ mathematics, we should be
unable to effect. Whether the ether exists or nattens little—Ilet us leave that to the
metaphysicians; what is essential for us is, thiatyghing happens as if it existed, and
that this hypothesis is found to be suitable fa #xplanation of phenomena. After
all, have we any other

(212) reason for believing in the existence of makeobjects? That, too, is only a
convenient hypothesis; only, it will never ceasé&so, while some day, no doubt,
the ether will be thrown aside as useless.

But at the present moment the laws of optics, &edeguations which translate them
into the language of analysis, hold good—at leasht dirst approximation. It will
therefore be always useful to study a theory whicings these equations into
connection.

The undulatory theory is based on a molecular thg®s; this is an advantage to
those who think they can discover the cause uruedaw. But others find in it a

reason for distrust; and this distrust seems tamanfounded as the illusions of the
former. These hypotheses play but a secondalg. iThey may be sacrificed, and the
sole reason why this is not generally done is, thatould involve a certain loss of

lucidity in the explanation. In fact, if we look #ta little closer we shall see that we
borrow from molecular hypotheses but two things—haciple of the conservation

of energy, and the linear form of the equationsictvhs the general law of small

movements as of all small variations. This explaifgy most of the conclusions of
Fresnel remain unchanged when we adopt the eleatmoetic theory of light.

Maxwell's Theory. We allknow that it was Maxwell who connected by a slertaer
two branches of physics—optics and electricity —#unt

(213) then unsuspected of having anything in comnidius blended in a larger
aggregate, in a higher harmony, Fresnel's theomptts did not perish. Parts of it
are yet alive, and their mutual relations are #tiél same. Only, the language which
we use to express them has changed; and, on teer@hd, Maxwell has revealed to
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us other relations, hitherto unsuspected, betwleerdifferent branches of optics and
the domain of electricity.

The first time a French reader opens Maxwell's bk admiration is tempered with
a feeling of uneasiness, and often of distrust.

It is only after prolonged study, and at the coktmuch effort, that this feeling
disappears. Some minds of high calibre never lbseféeling. Why is it so difficult
for the ideas of this English scientist to becorodimatised among us? No doubt the
education received by most enlightened Frenchmedigposes them to appreciate
precision and logic more than any other qualitlasthis respect the old theories of
mathematical physics gave us complete satisfaciibraur masters, from Laplace to
Cauchy, proceeded along the same lines. Startitigckarly enunciated hypotheses,
they deduced from them all their consequences migthematical rigour, and then
compared them with experiment. It seemed to be then to give to each of the
branches of physics tile same Precision as to tt@lesechanics.

(214)

A mind accustomed to admire such models is notyeaatisfied with a theory. Not
only will it not tolerate the least appearance oftcadiction, but it will expect the
different parts to be logically connected with @m®ther, and will require the number
of hypotheses to be reduced to a minimum.

This is not all; there will be other demands whagpear to me to be less reasonable.
Behind the matter of which our senses are awargkwdnich is made known to us by
experiment, such a thinker will expect to see amoiind of matter —the only true
matter in its opinion—which will no longer have amyg but purely geometrical
qualities, and the atoms of which will be mather®tpoints subject to the laws of
dynamics alone.. And yet he will try to represemthimself, by an unconscious
contradiction, these invisible and colourless atoarsd therefore to bring them as
close as possible to ordinary matter.

Then only will he be thoroughly satisfied, and hél when imagine that he has
penetrated the secret of the universe. Even ik#iesfaction is fallacious, it is none
the less difficult to give it up. Thus, on openithg pages of Maxwell, a Frenchman
expects to find a theoretical whole, as logical aagrecise as the physical optics that
is founded on the hypothesis of the ether. He iss threparing for himself a
disappointment which | should like the reader toidyso | will warn

(215) him at once of what he will find and whatvadl not find in Maxwell.

Maxwell does not give a mechanical explanation letteicity and magnetism; he
confines himself to showing that such an explamatsopossible. He shows that the
phenomena of optics are only a particular casdest®-magnetic phenomena. From
the whole theory of electricity a theory of lightirc be immediately deduced.
Unfortunately the converse is not true; it is ntways easy to find a complete
explanation of electrical phenomena. In particutais not easy if we take as our
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starting-point Fresnel's theory; to do so, no dpulould be impossible; but none the
less we must ask ourselves if we are compelleditie@sder admirable results which
we thought we had definitively acquired. That seemstep backwards, and many
sound intellects will not willingly allow of this.

Should the reader consent to set some bounds twopiss, he will still come across
other difficulties. The English scientist does fgtto erect a unique, definitive, and
well-arranged building; he seems to raise rathé&rge number of provisional and
independent constructions, between which communitas difficult and sometimes
impossible. Take, for instance, the chapter in Whéalectrostatic attractions are
explained by the pressures and tensions of thedlied medium. This chapter might
be suppressed without the rest of the book being

(216) thereby less clear or less complete, andtyintains a theory which is self-
sufficient, and which can be understood withoutireg a word of what precedes or
follows. But it is not only independent of the resft the book; it is difficult to
reconcile it with the fundamental ideas of the wodu Maxwell does not even attempt
to reconcile it; he merely says: "l have not belele £0 make the next step — namely,
to account by mechanical considerations for theesses in the dielectric."

This example will be sufficient to show what | mearcould quote many others.
Thus, who would suspect on reading the pages devtde magnetic rotatory
polarisation that there is an identity betweenaghtand magnetic phenomena ?

We must not flatter ourselves that we have avomledy contradiction, but we ought
to make up our minds. Two contradictory theorigsyvled that they are kept from
overlapping, and that we do not look to find inrththe explanation of things, may, in
fact, be very useful instruments of research; aechaps the reading of Maxwell
would be less suggestive .if he had not openedupstso many new and divergent
ways. But the fundamental idea is masked, as iew®o far is this the case, that in
most works that are popularised, this idea is thlg point which is left completely
untouched. To show the importance of this, | tHiokight to explain in what this

(217) fundamental idea consists; but for that psepa short digression is necessary.

The Mechanical Explanation of Physical Phenomera. In every physical
phenomenon there is a certain number of parametieich are reached directly by
experiment, and which can be measured. | shall d@m the parametersg.
Observation next teaches us the laws of the vanatof these parameters, and these
laws can be generally stated in the form of difféie# equations which connect
together the parameterg and time. What can be done to give a mechanical
interpretation to such a phenomenon ? We may endedv explain it, either by the
movements of ordinary matter, or by those of onenore hypothetical fluids. These
fluids will be considered as formed of a very largenber of isolated molecules.
When may we say that we have a complete mechamixplanation of the
phenomenon? It will be, on the one hand, when wankthe differential equations
which are satisfied by the co-ordinates of thegeothetical molecules in, equations
which must, in addition, conform to the laws of dymcs; and, on the other hand,
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when we know the relations which define the co+uates of the molecules in as
functions of the parameters q, attainable by expemi. These equations, as | have
said, should conform to the principles of dynamasd, in particular, to the principle

of the Conservation of energy, and to that of leason.

(218) The first of these two principles teacheshas the total energy is constant, and
may be divided into two parts

(1) Kinetic energy, owis viva which depends on the masses of the hypothetical
moleculesm, and on their velocities. This | shall call T. (Ehe potential energy
which depends only on the co-ordinates of theseeoubés, and this | shall call U. It

is the sum of the energies T and U that is constant

Now what are we taught by the principle of leadtasc? It teaches us that to pass
from the initial position occupied at the instanta the final position occupied at the
instant {, the system must describe such a path that imteeval of time between the
instant § and t, the mean value of the actionie., the differencebetween the two
energies T and U, must be as small as possible filtteof these two principles is,
moreover, a consequence of the second. If we krmwfunctions T and U, this
second principle is sufficient to determine theatguns of motion.

Among the paths which enable us to pass from os#i@o to another, there is clearly
one for which the mean value of the action is semalhan for all the others. In

addition, there is only such path; and it followsnh this, that the principle of least
action is sufficient to determine the path followeohd therefore the equations of
motion. We thus obtain what are called the equatmfn_agrange. In these equations
the independent

(219) variables are the co-ordinates of the hypathle moleculesm; but | now
assume that we take for the variables the parasgterhich are directly accessible
to experiment.

The two parts of the energy should then be expdesse function of the parameters
and their derivatives; it is clear that it is undeis form that they will appear to the
experimenter. The latter will naturally endeavoar define kinetic and potential
energy by the aid of quantities he can directlyeobs[2] If this be granted, the
system will always proceed from one position tothaoby such a path that the mean
value of the action is a minimum. It matters littfteat T and U are now expressed by
the aid of the parameters g and their derivatiitasiatters little that it is also by the
aid of these parameters that we define the irgtnal final positions; the principle of
least action will always remain true.

Now here again, of the whole of the paths whichd Ilfam one position to another,
there is one and only one for which the mean adsam minimum. The principle of
least action is therefore sufficient for the deteation of the differential equations
which define the variations of the parametgrsThe equations thus obtained are
another form of Lagrange's equations.
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(220)

To form these equations we need not know the ogiatiwhich connect, the
parameterg] with the co-ordinates of the hypothetical moleculesr the masses of
the molecules, nor the expression of U as a functibthe co-ordinates of these
molecules. All we need know is the expression @sla function of the parameteys
and that of T as a function of the parametgrand their derivatives—i.e., the
expressions of the kinetic and potential energgims of experimental data.

One of two things must now happen. Either for aveoinent choice of T and U the
Lagrangian equations, constructed as we have idicavill be identical with the
differential equations deduced from experimenthere will be no functions T and U
for which this identity takes place. In the lattase it is clear that no mechanical
explanation is possible. Theecessarycondition for a mechanical explanation to be
possible is therefore this: that we may choosefuhetions T and U so as to satisfy
the principle of least action, and of the conseovabf energy. Besides, this condition
is sufficient. Suppose, in fact, that we have found a functionflthe parameters,
which represents one of the parts of energy, aadtkie part of the energy which we
represent by T is a function of the parametgmnd their derivatives; that it is a
polynomial of the second degree with respect talé@svatives, and finally that the
Lagrangian equations formed by the aid of these twwtions T and U are in
conformity with the data of the

(221) experiment. How can we deduce from this ahaeical explanation ? U must
be regarded as the potential energy of a systemmich T is the kinetic energy. There
is no difficulty as far as U is concerned, but dabe regarded as théas vivaof a
material system?

It is easily shown that this is always possibled anan unlimited number of ways. |

will be content with referring the reader to the@es of the preface of mylectricit]

et Optiquefor further details. Thus, if the principle of leé@&tion cannot be satisfied,

no mechanical explanation is possible; if it candagéisfied, there is not only one
explanation, but an unlimited number, whence itofes that since there is one there
must be an unlimited number.

One more remark. Among the quantities that mayelaehred by experiment directly
we shall consider some as the co-ordinates of gpothetical molecules, some will
be our parameterg and the rest will be regarded as dependent ngtanthe co-
ordinates but on the velocities —or what come$i¢&same thing, we look on them as
derivatives of the parametegg or as combinations of these parameters and their
derivatives.

Here then a question occurs: among all these digantineasured experimentally
which shall we choose to represent the parameté&sand which shall we prefer to

regard as the derivatives of these parameterss?chioice remains arbitrary to a large
extent, but a mechanical explanation will be

(222) possible if it is done so as to satisfy thagiple of least action.
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Next, Maxwell asks: Can this choice and that oftthhe energies T and U be made so
that electric phenomena will satisfy this principl&xperiment shows us that the
energy of an electro-magnetic field decomposes #lctro-static and electro-
dynamic energy. Maxwell recognised that if we relglre former as the potential
energy U, and the latter as the kinetic energynd, that if on the other hand we take
the electro-static charges of the conductors ap#nameters q, and the intensity of
the currents as derivatives of other paramegersunder these conditions, Maxwell
has recognised that electric phenomena satisfeeprinciple of least action. He was
then certain of a mechanical explanation. If he kagounded this theory at the
beginning of his first volume, instead of releggtiih to a corner of the second, it
would not have escaped the attention of most readetherefore a phenomenon
allows of a complete mechanical explanation, iowa#i of an unlimited number of
others, which will equally take into account ak tharticulars revealed by experiment.
And this is confirmed by the history of every brhnof physics. In Optics, for
instance, Fresnel believed vibration to be perpmiali to the plane of polarisation;
Neumann holds that it is parallel to that plane. &tng time aexperimentuncrucis
was sought for, which would enable us to decidevben these two theories, but in

(223) vain. In the same way, without going out fed domain of electricity, we find
that the theory of two fluids and the single fluideory equally account in a
satisfactory manner for all the laws of electraista All these facts are easily
explained, thanks to the properties of the Lagraemetions.

It is easy now to understand Maxwell's fundamenti®la. To demonstrate the
possibility of a mechanical explanation of eledtyiave need not trouble to find the
explanation itself; we need only know the expras<bthe two functions T and U,
which are the two parts of energy, and to form witese two functions Lagrange's
equations, and then to compare these equationdhetexperimental laws.

How shall we choose from all the possible explametione in which the help of
experiment will be wanting? The day will perhapsnmeowhen physicists will no
longer concern themselves with questions whichirerecessible to positive methods,
and will leave them to the metaphysicians. That loay not yet come; man does not
so easily resign himself to remaining for ever igmt of the causes of things. Our
choice cannot be therefore any longer guided bysidenations in which personal
appreciation plays too large a part. There are.gvew solutions which all will reject
because of their fantastic nature, and others walchvill prefer because of their
simplicity. As far as magnetism and electricity are concerned,

(224) Maxwell abstained from making any choiceislhot that he has a systematic
contempt for all that positive methods cannot reashmay be seen from the time he
has devoted to the kinetic theory of gases. | nday that if in his magnum opus he
develops no complete explanation, he has attemptezl in an article in the
Philosophical MagazineThe strangeness and the complexity of the hyposhbse
found himself compelled to make, led him afterwaawithdraw it.

The same spirit is found throughout his whole woHe throws into relief the
essential—.e., what is common to all theories; everything thatssonly a particular
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theory is passed over almost in silence. The re#fusefore finds himself in the

presence of form nearly devoid of matter, whicHist he is tempted to take as a
fugitive and unassailable phantom. But the effbgss thus compelled to make force
him to think, and eventually he sees that thereftisn something rather artificial in

the theoretical " aggregates " which he once admire

Endnotes

1. This chapter is mainly taken from the prefacesnaf bf mybooks—Thiorie
MathImatique de la lumire (Paris: Naud, 1889), artelectricit’] et Optique
(Paris: Naud, 1901)

2. We may add that U will depend only on th¢garameters, that T will depend
on them and their derivatives with respect to tiared will be a homogeneous
polynomial of the second degree with respect tedtderivatives.
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Science and Hypothesis
Chapter 13: Electro-Dynamics

ELECTRO-DYNAMICS.

THE history of electro-dynamics is very instructifivtem our point of view. The title

of Amplire's immortal work is,Thilorie des phinomines electrodynamiques,
uniguement fonde sur explrience. He therefore imagined that he had made no
hypotheses; but as we shall not be long in recogniie was mistaken; only, of
these hypotheses he was quite unaware. On the lodinel; his successors see them
clearly enough, because their attention is attdabte the weak points in Compares
solution. They made fresh hypotheses, but this tilmkberately. How many times
they had to change them before they reached tlssiclaystem, which is perhaps
even now not quite definitive, we shall see.

I. Ampire's Theory —In Amplire's experimental study of the mutual action of
currents, he has operated, and he could operaye with closed currents. This was
not because he denied the existence or possibfliopen currents. If two conductors
are positively and negatively charged and brougtd communication by a wire, a
current is set up which passes from one to the

(226) other until the two potentials are equal. é&wding to the ideas of Amjpre's
time, this was considered to be an open curreatcthrent was known to pass from
the first conductor to the second, but they didkmaiw it returned from the second to
the first. All currents of this kind were therefatensidered by Ampre to be open
currents—for instance, the currents of discharga @ondenser; he was unable to
experiment on them, their duration being too shnibther kind of open current may
be imagined. Suppose we have two conductors A andrBected by a wire AMB.
Small conducting masses in motion are first of ghced in contact with the
conductor B, receive an electric charge, and leptirare set in motion along a path
BNA, carrying their charge with them. On comingoirtontact with A they lose their
charge, which then returns to B along the wire ANABw here we have, in a sense, a
closed circuit, since the electricity describes ¢hesed circuit BNAMB; but the two
parts of the current are quite different. In theenAMB the electricity is displaced
througha fixed conductor like a voltaic current, overcogian ohmic resistance and
developing heat; we say that it is displaceddoyduction.In the part BNA the
electricity is carried by a moving conductor, and is said to be displabgd
convectionlf therefore the convection current is consideete perfectly analogous
to the conduction current, the circBNAMB is closed; if on the contrary the convec

(227) -tion current is not a " true current,” aridr instance, does not act on the
magnet, there is only the conduction current AMBjch isopen.For example, if we
connect by a wire the poles of a Holtz machine ctieerged rotating disc transfers the
electricity by convection from one pole to the ottend it returns to the first pole by
conduction through the wire. But currents of thisdkare very difficult to produce
with appreciable intensity; in fact, with the meatsAmpire's disposal we may
almost say it was impossible.
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To sum up, Ampire could conceive of the existence of two kindopén currents,
but he could experiment on neither, because theg wet strong enough, or because
their duration was too short. Experiment therefarald only show him the action of
a closed current on a closed current or more atdyrahe action of a closed current
on a portion of current, because a current can ddento describe elosedcircuit, of
which part may be in motion and the other part dix&he displacements of the
moving part may be studied under the action of le@rotlosed current. On the other
hand, AmpJire had no means of studying the action of an operect either on a
closed or on another open current.

2. The Case of Closed Currents.—In ttese of the mutual action of two closed
currents, experiment revealed to Amme remarkably simple laws. The following will
he useful to us in the sequel:—

(228)

(2) If the intensity of the currents is kept constami if the two circuits, after having
undergone any displacements and deformations wéateaturn finally to their initial
positions, the total work done by the electro-dyitatactions is zero. In other words,
there is arelectro-dynamical potentiaf the two circuits proportional to the product
of their intensities, and depending on the form egldtive positions of the circuits;
the work done by the electro-dynamical actions dsia¢ to the change of this
potential.

(2) The action of a closed solenoid is zero.

(3) The action of a circuit C on another voltaiccuit C' depends only on the "
magnetic field " developed by the circuit C. At kgmoint in space we can, in fact,
define in magnitude and direction a certain foredled "magnetic force," which
enjoys the following properties:—

(a) The force exercised by C on a magnetic padfdied to that pole, and is equal to
the magnetic force multiplied by the magnetic mafshe pole.

(b) A very short magnetic needle tends to takedirection of the magnetic force, and
the couple to which it tends to reduce is propodiao the product of the magnetic
force, the magnetic moment of the needle, andittfeess the dip of the needle.

(c) If the circuit C' is displaced, the amount loé twork done by the electro-dynamic
action of C on C' will be equal to the incrementftdw

(229) of magnetic force " which passes throughcihauit.

2. Action of a Closed Current on a Portion of Cntre—Amp_ire being unable to
produce the open current properly so called, hag ame way of studying the action
of a closed current on a portion of current. Thiaswy operating on a circuit C
composed of two parts, one movable and the otikedfiThe movable part was, for
instance, a movable wiref3, the endsa and 3 of which could slide along a fixed
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wire. In one of the positions of the movable wiie £nda rested on the point A, and
the endB on the point B of the fixed wire. The current fabm a toll—i.e., from A
to B along the movable wire, and then from B toldng the fixed wireThis current
was therefore closed.

In the second position, the movable wire havingpgd, the points&x and 3 were
respectively at A' and B' on the fixed wire. Thereat ran froma to [1—i.e., from A'

to B' on the movable wire, and returned from BBtand then from B to A, and then
from A to A" —all on the fixed wire. This currentas also closed. If a similar circuit
be exposed to the action of a closed current Cyitréable part will be displaced just
as if it were acted on by a force. Amge admits that the force, apparently acting on
the movable part A B, representing the action afnCthe portion] of the current,
remains the same whether an open current runsghrou

(230) stopping atr and [, or whether a closed current runs firsti¢ and then
returns to through the fixed portion of the circuihis hypothesis seemed natural
enough, and Ampre innocently assumed it; nevertheless the hypisthesot a
necessityfor we shall presently see that Helmholtz rejecteHowever that may be,
it enabled Ampire, although he had never produced an open cuteeldy down the
laws of the action of a closed current on an opameat, or even on an element of
current. They are simple:

(1) The force acting on an element of current giagd to that element; it is normal to
the element and to the magnetic force, and prapwtito that component of the
magnetic force which is normal to the element.

(2) The action of a closed solenoid on an eleméwrugent is zero. But the electro-
dynamic potential has disappeared — i.e., whenoaed and an open current of
.constant intensities return to their initial pasis, the total work done is not zero.

3. Continuous Rotations-The most remarkable electro-dynamical experimenés
those in which continuous rotations are producew| which are called unipolar
induction experimentsA magnet may turn about its axis; a current padsst
through a fixed wire and then enters the magnethbypole N, for instance, passes
through half the magnet, and emerges by a slidongact and re-enters the fixed
wire. The magnet

(231) then begins to rotate continuously. This &aday's experiment. How is it
possible ? If it were a question of two circuitsin¥ariable form, C fixed and C'

movable about an axis, the latter would never tagea position of continuous

rotation; in fact, there is an electro-dynamicatemial; there must therefore be a
position of equilibrium when the potential is a nmadm. Continuous rotations are
therefore possible only when the circuit C' is cosgd of two parts —one fixed, and
the other movable about an axis, as in the caf@a@day's experiment. Here again it
is convenient to draw a distinction. The passagm fthe fixed to the movable part, or
vice versa, may take place either by simple conthet same point of the movable
part remaining constantly in contact with the sapaint of the fixed part, or by
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sliding contact, the same point of the movable parming successively into contact
with the different points of the fixed part.

It is only in the second case that there can beéiraawus rotation. This is what then
happens:—the system tends to take up a positioeqoilibrium; but, when at the
point of reaching that position, the sliding contaats the moving part in contact with
a fresh point in the fixed part; it changes thensons and therefore the conditions
of equilibrium, so that as the position of equiliton is ever eluding, so to speak, the
system which is trying to reach it, rotation maletglace indefinitely.

(232)

Amplire admits that the action of the circuit on the afde part of C' is the same as
if the fixed part of C' did not exist, and theref@s if the current passing through the
movable part were an open current. He concludedtli@aaction of a closed on an

open current, or vice versa, that of an open cuoera fixed current, may give rise to

continuous rotation. But this conclusion dependstlo hypothesis which | have

enunciated, and to which, as | said above, Helmludtlined to subscribe.

4. Mutual Action of Two Open CurrentsAs far as the mutual action of two open
currents, and in particular that of two elementsiwftent, is concerned, all experiment
breaks down. Ampre falls back on hypothesis. He assumes: (1) thatmutual
action of two elements reduces to a force actinggtheir join; (2) that the action of
two closed currents is the resultant of the muacdions of their different elements,
which are the same as if these elements were ésblat

The remarkable thing is that here again Amg makes two hypotheses without being
aware of it. However that may be, these two hyp®be together with the
experiments on closed currents, suffice to detezn@iompletely the law of mutual
action of two elements. But then, most of the serlpivs we have met in the case of
closed currents are no longer true. In the firsicel there is no electro-dynarnical
potential ; nor was there any, as we have sedheinase of a closed

(233) current acting on an open current. Next, eéhex; properly speaking, no
magnetic force; and we have above defined thisefardhree different ways: (1) By
the action on a magnetic pole; (2) by the direatouple which orientates the
magnetic needle; (3) by the action on an elementioent.

In the case with which we are immediately concerneat only are these three
definitions not in harmony, but each has lost iesaming : —

(1) A magnetic pole is no longer acted on by a uaitprce applied to that pole. We
have seen, in fact, the action of an element afeotiron a pole is not applied to the
pole but to the element; it may, moreover, be @laby a force applied to the pole
and by a couple.

(2) The couple which acts on the magnetic needlaoidonger a simple director
couple, for its moment with respect to the axishef needle is not zero. It decomposes
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into a director couple, properly so called, andipptementary couple which tends to
produce the continuous rotation of which we haweksp above.

(3) Finally, the force acting on an element of arent is not normal to that element.
In other words, the unity of the magnetic force tsappeared.

Let us see in what this unity consists. Two systemigh exercise the same action on
a magnetic pole will also exercise the same aaiioman indefinitely small magnetic
needle, or on an element

(234) of current placed at the point in space atkihe pole is. Well, this is true if
the two systems only contain closed currents, aedrding to Ampire it would not
be true if the systems contained open currents.dtfficient to remark, for instance,
that if a magnetic pole is placed at A and an eferaeB, the direction of the element
being in AB produced, this element, which will ecise no action on the pole, will
exercise an action either on a magnetic needleglatA, or on an element of current
at A.

5. Induction. -We knowthat the discovery of electro-dynamical inductiotidwed
not long after the immortal work of Ampge. As long as it is only a question of
closed currents there is no difficulty, and Helnthdhas even remarked that the
principle of the conservation of energy is suffitidor us to deduce the laws of
induction from the electro-dynamical laws of Amge. But on the condition, as
Bertrand has shown,that we make a certain numbleyptheses.

The same principle again enables this deductiobetanade in the case of open
currents, although the result cannot be tested Xperément, since such currents
cannot be produced.

If we wish to compare this method of analysis witmp(ire's theorem on open
currents, we get results which are calculated tpr&e us. In the first place, induction
cannot be deduced from the variation of the magniéld by the well-known
formula of scientists and practical men;

(235) in fact, as | have said, properly speakihgre is no magnetic field. But further,
if a circuit C is subjected to the induction of ariable voltaic system S, and if this
system S be displaced and deformed in any way wéatso that the intensity of the
currents of this system varies according to any \evatever, then so long as after
these variations the system eventually returnsstmitial position, it seems natural to
suppose that themeanelectro-motive force induced in the current C isoz&his is
true if the circuit C is closed, and if the syst8ronly contains closed currents. It is no
longer true if we accept the theory of Ame, since there would be open currents. So
that not only will induction no longer be the vaioa of the flow of magnetic force in
any of the usual senses of the word, but it cabeotepresented by the variation of
that force whatever it may be.

II. Helmholtz's Theory— | have dwelt upon the consequences of Amgys theory
and on his method of explaining the action of operents. It is difficult to disregard
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the paradoxical and artificial character of thepmsitions to which we are thus led.
We feel bound to think " it cannot be so." We miapagine then that Helmholtz has
been led to look for something else. He rejects fimedamental hypothesis of
Amplire—namely, that the mutual action of two elemerft€wrent reduces to a
force along their ioin. He admits that an elemdrdwrent is not

(236) acted upon by a single force but by a for@ @ couple, and this is what gave
rise to the celebrated polemic between BertrandHégldhholtz. Helmholtz replaces
Amplire's hypothesis by the following: —Two elementscofrent always admit of
an electro-dynamic potential, depending solely ugweir position and orientation;
and the work of the forces that they exercise anéhe other is equal to the variation
of this potential. Thus Helmholtz can no more dtheiit hypothesis than Ampre,
but at least he does not do so without explicitip@uncing it. In the case of closed
currents, which alone are accessible to experintlieattwo theories agree; in all other
cases they differ. In the first place, contrarywbat Ampire supposed, the force
which seems to act on the movable portion of aetlasurrent is not the same as that
acting on the movable portion if it were isolatediaf it constituted an open current.
Let us return to the circuit C', of which we spad®ve, and which was formed of a
movable wire sliding on a fixed wire. In the onlyperiment that can be made the
movable portiorp is not isolated, but is part of a closed circuith&i it passes from
AB to A'B', the total electro-dynamic potential ses for two reasons. First, it has a
slight increment because the potential of A'B' wiglspect to the circuit C is not the
same as that of AB; secondly, it has a second nmen¢ because it must be increased
by the potentials of the elements

(237) AA' and B'B with respect to C. It is thdsubleincrement which represents the
work of the force acting upon the portion AB. Ifip ¢the contrary, be isolated, the
potential would only have the first increment, ahd first increment alone would
measure the work of the force acting on AB. In $kkeond place, there could be no
continuous rotation without sliding contact, andfaet, that, as we have seen in the
case of closed currents, is an immediate consequethe existence of an electro-
dynamic potential. In Faraday's experiment, if thegnet is fixed, and if the part of
the current external to the magnet runs along aatlewvire, that movable wire may
undergo continuous rotation. But it does not méan, if the contacts of the weir with
the magnet were suppressed, and an open curreattaveun along the wire, the wire
would still have a movement of continuous rotatibhave just said, in fact, that an
isolated element is not acted on in the same wayrasvable element making part of
a closed circuit. But there is another differentiee action of a solenoid on a closed
current is zero according to experiment and acogrtlh the two theories. Its action
on an open current would be zero according to. Amep and it would not be zero
according to Helmholtz. From this follows an img@ort consequence. We have given
above three definitions of the magnetic force. Tl has no meaning here, since an
element of current

(238) is no longer acted upon by a single force:. Ngs the first any meaning. What,
in fact; is a magnetic pole ? It is the extremifyao indefinite linear magnet. This
magnet may be replaced by an indefinite solenod. tRe definition of magnetic
force to have any meaning, the action exercisedrbppen current on an indefinite
solenoid would only depend on the position of tl&aeamity of that solenoid—i.e.,
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that the action of a closed solenoid is zero. Navhave just seen that this is not the
case. On the other hand, there is nothing to ptewsnfrom adopting the second
definition which is founded on the measurementefdirector couple which tends to
orientate the magnetic needle; but, if it is addpteither .the effects of induction nor
electro-dynamic effects will depend solely on thstribution of the lines of force in
this magnetic field.

[ll. Difficulties raised by these Theories. Helmholtz's theory is an advance on that
of Amplire; it is necessary, however, that every difficustyould be removed. In
both, the name " magnetic field " has no meanimgifave give it one by a more or
less artificial convention, the ordinary laws smiiar to electricians no longer apply;
and it is thus that the electro-motive force indlizea wire is no longer measured by
the number of lines of force met by that wire. And objections do not proceed only
from the fact that it is difficult to give up degplooted habits of

(239) language and thought. There is something nibvee do not believe in actions
at a distance, electro-dynamic phenomena must fl@iegd by a modification of the
medium. And this medium is precisely what we catlagnetic field," and then the
electro-magnetic effects should only depend on fiedd. All these difficulties arise
from the hypothesis of open currents.

IV. Maxwell's Theory—Such were the difficulties raised by the currémories,
when Maxwell with a stroke of the pen caused thewanish. To his mind, in fact, all
currents are closed currents. Maxwell admits that & dielectric, the electric field
happens to vary, this dielectric becomes the deafparticular phenomenon acting on
the galvanometer like a current and called adherent of displacementf, then, two
conductors bearing positive and negative chargegplaced in connection by means
of a wire, during the discharge there is an opereati of conduction in that wire; but
there are produced at the same time in the surimegndielectric currents of
displacement which close this current of conductide know that Maxwell's theory
leads to the explanation of optical phenomena whichld be due to extremely rapid
electrical oscillations. At that period such a agpion was only a daring hypothesis
which could be supported by no experiment; butrdftenty years Maxwell's ideas
received the confirmation of experiment. Hertz geced in producing systems of
electric oscillations which

(240) reproduce all the properties of light, andyodiffer by the length of their
wave—that is to say, as violet differs from redsbme measure he made a synthesis
of light. It might be said that Hertz has not dibp@roved Maxwell's fundamental
idea of the action of the current of displacementhe galvanometer. That is true in a
sense. What he has shown directly is that elecagrmtic induction is not
instantaneously propagated, as was supposedshapetd is the speed of light. Yet,
to suppose there is no current of displacement{laaidinduction is with the speed of
light; or, rather, to suppose that the currentsdisiplacement produce inductive
effects, and that the induction takes place inatsausly—comes to the same thing.
This cannot be seen at the first glance, butpreved by an analysis of which | must
not even think of giving even a summary here.
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V. Rowland's Experiment.—But, a$ave said above, there are two kinds of open
conduction currents. There are first the currehdistharge of a condenser, or of any
.conductor whatever. There are also cases in wthiehelectric charges describe a
closed contour, being displaced by conduction ie @art of the circuit and by
convection in the other part. The question mightrégarded as solved for open
currents of the first kind; they were closed byreats of displacement. For open
currents of the second kind the solution appeaitdnore simple.

(241)

It seemed that if the current were closed it cauity be by the current of convection
itself. For that purpose it was sufficient to adthat a "convection current” — i.e., a
charged conductor in motion —could act on the gadwvaeter. But experimental
confirmation was lacking. It appeared difficult,fact, to obtain a sufficient intensity
even by increasing as much as possible the chadjéha velocity of the conductors.
Rowland, an extremely skilful experimentalist, viias first to triumph, or to seem to
triumph, over these difficulties. A disc receivedstaong electrostatic charge and a
very high speed of rotation. An astatic magnetistesyn placed beside the disc
underwent deviations. The experiment was made tlc&owland, once in Berlin
and once at Baltimore. It was afterwards repeayedimstedt. These physicists even
believed that they could announce that they hademded in making quantitative
measurements. For twenty years Rowland's law wanitied without objection by all
physicists, and, indeed, everything seemed to wuonifi. The spark certainly does
produce a magnetic effect, and does it not seemeragrty likely that the spark
discharged is due to particles taken from one efelectrodes and transferred to the
other electrode with their charge ? Is not the \sggctrum of the spark, in which we
recognise the lines of the metal of the electradptoof of it? The spark would then
be a real current of induction.

(242)

On the other hand, it is also admitted that in lacteolyte the electricity is carried by

the ions in motion. The current in an electrolytewd therefore also be a current of
convection; but it acts on the magnetic needle. ifirithe same way for cathodic rays;
Crooks attributed these rays to very subtle matterrged with negative electricity

and moving with very high velocity. He looked upitvem, in other words, as currents
of convection. Now, these cathodic rays are dediatethe magnet. In virtue of the

principle of action and re-action, they shouldhmit turn deviate the magnetic needle.
It is true that Hertz believed he had proved thatdathodic rays do not carry negative
electricity, and that they do not act on the maignetedle; but Hertz was wrong. First
of all, Perrin succeeded in collecting the elediricarried by these rays —electricity

of which Hertz denied the existence; the Germaentist appears to have been
deceived by the effects due to the action of thays, which were not yet discovered.
Afterwards, and quite recently, the action of théhodic rays on the magnetic needle
has been brought to light. Thus all these phenomeolked upon as currents of

convection, electric sparks, electrolytic currentgathodic rays, act in the same
manner on the galvanometer and in conformity to Rod/s law.
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VI. Lorentz's Theory. We need not go much further. According to Lorentztsotly,
currents

(243) of conduction would themselves be true cotiwacaurrents. Electricity would
remain indissolubly connected with certain matepatticles calledelectrons.The
circulation of these electrons through bodies wquittHuce voltaic currents, and what
would distinguish conductors from insulators wohé&lthat the one could be traversed
by these electrons, while the others would che&k rttovement of the electrons.
Lorentz's theory is very attractive. It gives aweaimple explanation of certain
phenomena, ,which the earlier theories —even Madisnial its primitive form could
only deal with in an unsatisfactory manner; for rapée, the aberration of light, the
partial impulse of luminous waves, magnetic po&it, and Zeeman's experiment.

A few objections still remained. The phenomena wfedectric system seemed to
depend on the absolute velocity of translationhef ¢entre of gravity of this system,
which is contrary to the idea that we have of #lativity of space. Supported by M.
CrlCmieu, M. Lippman has presented this objection wregy striking form. Imagine
two charged conductors with the same velocity ahstation. They are relatively at
rest. However, each of them being equivalent tareeat of convection, they ought to
attract one another, and by measuring this attmastie could measure their absolute
velocity. "No!" replied the partisans of LorentzWhat we could measure in that way
is not their

(244) absolute velocity, but their relative velocit with respect to the etheso that the principle of
relativity is safe." Whatever there may be in thesebjections, the edifice of electro-dynamics
seemed, at any rate in its broad lines, definitivglconstructed. Everything was presented under
the most satisfactory aspect. The theories of Ampre and Helmholtz, which were made for the
open currents that no longer existed, seem to hav® more than purely historic interest, and the
inextricable complications to which these theorieked have been almost forgotten. This
quiescence has been recently disturbed by the exjrents of M. Cr[Imieu, which have
contradicted, or at least have seemed to contradicthe results formerly obtaiPoincare™ - Science
& HypothesisFigure 1Science & Hypothesis - Poincar8cience & Hypothesis -
Poincare.docScience & Hypothesis - Poincare’.doahéy Rowland. Numerous investigators
have endeavoured to solve the question, and freskperiments have been undertaken. What
result will they give? | shall take care not to rik a prophecy which might be falsified between the
day this book is ready for the press and the day owhich it is placed before the public.

THE END.
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