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PREFACE (1877)

PrysicaL SciENCE, which up to the end of the eighteenth
century had been fully occupied in forming a conception
of natural phenomena as the result of forces acting
between one body and another, has now fairly entered
on the next stage of progress—that in which the energy
of a material system is conceived as determined by the
configuration and motion of that system, and in which
the ideas of configuration, motion, and force are
generalised to the utmost extent warranted by their
physical definitions.

To become acquainted with these fundamental ideas,
to examine them under all their aspects, and habitually
to guide the current of thought along the channels of
strict dynamical reasoning, must be the foundation of
the training of the student of Physical Science.

The following statement of the fundamental doctrines
of Matter and Motion is therefore to be regarded as
an introduction to the study of Physical Science in

general.






NOTE

IN this reprint of Prof. Clerk Maxwell’s classical
tractate on the principles of dynamics, the changes have
been confined strictly to typographical and a few verbal
improvements. After trial, the conclusion has been
reached that any additions to the text would alter the
flavour of the work, which would then no longer be
characteristic of its author. Accordingly only brief
footnotes have been introduced: and the few original
footnotes have been distinguished from them by
Arabic numeral references instead of asterisks and other
marks. A new index has been prepared.

A general exposition of this kind cannot be expected,
and doubtless was not intended, to come into use as a
working textbook: for that purpose methods of syste-
matic calculation must be prominent. But as a reasoned
conspectus of the Newtonian dynamics, generalizing
gradually from simple particles of matter to physical
systems which are beyond complete analysis, drawn
up by one of the masters of the science, with many
interesting side-lights, it must retain its power of sug-
gestion even though parts of the vector exposition may
now seem somewhat abstract. The few critical footnotes
and references to Appendices that have been added may
help to promote this feature of suggestion and stimulus.

The treatment of the fundamental principles of
dynamics has however been enlarged on the author’s
own lines by the inclusion of the Chapter “On the
Equations of Motion of a Connected System” from
" vol. i of Electricity and Magnetism. For permission to
make use of this chapter the thanks of the publishers
are due to the Clarendon Press of the University of
Oxford.
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With the same end in view two Appendices have
been added by the editor. One-of them treats the
Principle of Relativity of motion, which has recently
become very prominent in wider physical connexions,
on rather different lines from those 1n the text. The other
aims at development of the wider aspects of the Prin-
ciple of Least Action, which has been asserting its
position more and more as the essential principle of con-
nexion between the various domains of Theoretical
Physics. -

These additions are of course much more advanced
than the rest of the book : but they will serve to complete
it by presenting the analytical side of dynamical science,
on which it justly aspires to be the definite foundation
for all Natural Philosophy.

The editor desires to express his acknowledgment
to the Cambridge University Press, and especially to

Mr J. B. Peace, for assistance and attention.
J. L.



BIOGRAPHICAL NOTE

James CLERK MAXWELL was born in Edinburgh in 1831,
the only son of John Clerk Maxwell, of Glenlair, near
Dalbeattie, a family property in south-west Scotland to
which the son succeeded. After an early education at
home, and at the University of Edinburgh, he pro-
ceeded to Cambridge in 1850, first to Peterhouse,
migrating afterwards to Trinity College. In the
Mathematical Tripos of 1854, the Senior Wrangler was
E. J. Routh, afterwards a mathematical teacher and
investigator of the highest distinction, and Clerk Max-
well was second: they were placed as equal soon after
in the Smith’s Prize Examination.

He was professor of Natural Philosophy at Aberdeen
from 1856 to 1860, in King’s College, London from
1860 to 1865, and then retired to Glenlair for six years,
during which the teeming ideas of his miyd doubtless
matured and fell into more systematic forms. He was
persuaded to return into residence at Cambridge in
1871, to undertake the task of organizing the new
Cavendish Laboratory. But after a time his health
broke, and he died in 1879 at the age of 43 years.

His scientific reputation during his lifetime was
upheld mainly by British mathematical physicists,
especially by the Cambridge school. But from the time
that Helmholtz took up the study of his theory of
electric action and light in 1870, and discussed it in
numerous powerful memoirs, the attention given abroad
to his work gradually increased, until as in England it
became the dominating force in physical science.

Nowadays by universal consent his ideas, as the
mathematical interpreter and continuator of Faraday,
rank as the greatest advance in our understanding of
the laws of the physical universe that has appeared



X BIOGRAPHICAL NOTE

since the time of Newton. As with Faraday, his pro-
found investigations into nature were concomitant with
deep religious reverence for nature’s cause. See the
Life by L. Campbell and W. Garnett (Macmillan, 1832).
The treatise on Electricity and Magnetism and the
Theory of Heat contain an important part of his work.
His Scientific Papers were republished by the Cam-
* bridge University Press in two large memorial volumes.
There are many important letters from him in the
Memoir and Scientific Correspondence of Sir George
Stokes, Cambridge, 1904.

The characteristic portrait here reproduced, perhaps
for the first time, is from a carte de visite photograph
taken probably during his London period. I
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MATTER AND MOTION

CHAPTER 1
INTRODUCTION

1. NATURE OF PHYSICAL SCIENCE

PaysicAL SCIENCE is that department of knowledge
which relates to the order of nature, or, in other words,
to the regular succession of events.

The name of physical science, however, is often
applied in a more or less restricted manner to those
branches of science in which the phenomena considered
are of the simplest and most abstract kind, excluding
the consideration of the more complex phenomena, such
as those observed in living beings.

The simplest case of all is that in which an event
or phenomenon can be described as a change in the
arrangement of certain bodies. Thus the motion of the
moon may be described by stating the changes in her
position relative to the earth in the order in which they
follow one another.

In other cases we may know that some change of
arrangement has taken place, but we may not be able
to ascertain what that change is.

Thus when water freezes we know that the molecules
or smallest parts of the substance must be arranged
differently in ice and in water. We also know that this
arrangement in ice must have a certain kind of sym-
metry, because the ice is in the form of symmetrical
‘crystals, but we have as yet no precise knowledge of
the actual arrangement of the molecules in ice. But
whenever we can completely describe the change of

M. I



2 INTRODUCTION [CH.

arrangement we have a knowledge, perfect so far as it
extends, of what has taken place, though we may still
have to learn the necessary conditions under which
a similar event will always take place.

Hence the first part of physical science relates to the
relative position and motion of bodies.

2. DEFINITION OF A MATERIAL SYSTEM

In all scientific procedure we begin by marking out a
certain region or subject as the field of our investiga-
tions. To this we must confine our attention, leaving
the rest of the universe out of account till we have
completed the investigation in which we are engaged.-
In physical science, therefore, the first step is to defing-
clearly the material system which we make the subjeet
of our statements. This system may be of any degree
of complexity. It may be a single material particle, a -
body of finite size, or any number of such bodies, and
it may even be extended so as to include the whole
material universe,

3. DEFINITION OF INTERNAL AND EXTERNAL

All relations er actions between one part of this sys-
tem and another are called Internal relations or actions.

Those between the whole or any part of the system
and bodies not included in the system are called Exter-
nal relations or actions. These we study only so far as
they affect the system itself, leaving their effect on
externil bodies out of consideration. Relations and
actions between bodies not included in the system are
to be left out of consideration. We cannot investigate
them except by making our system include these other
bodies.

4. DEFINITION OF CONFIGURATION

When a material system is considered with respect
to the relative position of its parts, the assemblage of
elative positions is called the Configuration of the

»
‘*t
Srstem
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A knowledge of the configuration of the system at a
given instant implies a knowledge of the position of
every point of the system with respect to every other
point at that instant.

5. DI1AGRAMS

The configuration of material systems may be repre-
sented in models, plans, or diagrams. The model or
diagram is supposed to resemble the material system
only in form, not necessarily in any other respect.

A plan or a map represents on paper in two dimen-
-sions what may really be in three dimensions, and can
only be completely represented by a model. We shall
use the term Diagram to signify any geometrical figure,
whether plane or not, by means of which we study the
properties of a material system. Thus, when we speak
of the configuration of a system, the image which we
form in our minds is that of a diagram, which completely
represents the configuration, but which has none of the
other properties of the material system. Besides dia-
grams of configuration we may have diagrams of velocity,
of stress, etc., which do not represent the form of the
system, but by means ofwhich its relative velocities or
its internal forces may be studied. A

6. A MATERIAL PARTICLE

A body so small that, for the purposes of our investi-
gation, the distances between its different parts may be
neglected, is called a material particle.

Thus in certain astronomical investigations the planets,
and even the sun, may be regarded each as a material
particle, because the difference of the actions of different
sarts of these bodies does not come under our netice.

ut we cannot treat them as material particles when we
investigate their rotation. Even an atom, when we
consider it as capable of rotation, must be regarded as
eonsisting of many material particles.

The diagram of a material particle is of course a
mathematical point, which has no configuration.

el
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7. RELATIVE POSITION OF TWO MATERIAL PARTICLES

The diagram of two material particles consists of two
points, as, for instance, 4 and B.
The position of B relative to 4 is indicated by the

direction and length of the straight line 4B drawn
from A to B. If you start from A and travel in the

direction indicated by the line AB and for a distance
equal to the length of that line, you will get to B,
This direction and distance may be indicated equally

well by any other line, such as ab, which is parallel

and equal to AB. The position of 4 with respect to
B is indicated by the direction and length of the line

BA, drawn from B to A, or the line ba, equal and
parallel to BA4. . L
It is evident that BA = — AB. ,
In naming a line by the letters at its extremities,”

the order of the letters is always that in which the line
is to be drawn.

8. VECTORS

L y

The expression AB, in geometry, is merely the
name of a line. Here it indicates'the operation by
which the line is drawn, that of carrying a tracing
point in a certain direction for a certain distance. As.

indicating an operation, AB is called a Vector, and
the operation is completely defined by the directiont
and distance of the transference. The starting point,:
which is called the Origin of the vector, may be any-¢
where. "

To define a finite straight line we must state its
origin as well as its direction and length. All vectors,
however, are regarded as equal which are parallel (and
dr?iwn towards the same parts) and of the same magni-
tude.

Any quantity, such, for instance, as a velocity or a
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force*, which has a definite direction and a definite -
magnitude may be treated as a vector, and may
be indicated in a diagram by a straight line whose
direction is parallel to the vector, and whose length
represents, according to a determinate scale, the mag-
nitude of the vector.

9. SYSTEM OF THREE PARTICLES

Let us next consider a system of three particles.

Its configuration is represented by a diagram of
three points, 4, B, C.

The position of B with respect to D C
A is indicated by the vector AB,
and that of (' with respect to B by
the vector BC. A4 B

It is manifest that from these data, Fig. 1.
when A is known, we can find B and
then C, so that the configuration of the three points is
completely determined.

The position of C with respect to A4 is indicated by
the vector AC, and by the last remark the value of AC
must be deducible from those of AB and BC.

The result of the operation AC is to carry the
tracing point from 4 to C. But the result is the same
if the tracing point is carried first from 4 to B and
then from B to C, and this is the sum of the operations

AB + BC.

10. ADDITION OF VECTORS

Hence the rule for the addition of vectors may be
stated thus:—From any point as origin draw the suc-
cessive vectors in series, so that each vector begins at
the end of the preceding one. The straight line from
‘the origin to the extremity of the series represents the
vector which is the sum of the vectors.

* A force is more completely specified as a vector localised in
its line of action, called by Clifford a rotor; moreover it is only
when the body on which it acts is treated as rigid that the point
of application is inessential.
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The order of addition is indifferent, for if we write
BC + AB the operation indicated may be performed
by drawing AD parallel and equal to BC, and then
joining DC, which, by Euclid, I. 33, is parallel and
equal to AB, so that by these two operations we arrive
at the point C in whichever order we perform them.

The same is true for any number of vectors, take
them in what order we please.

I11. SUBTRACTION OF ONE VECTOR FROM ANOTHER

To express the position of C with respect to B in
terms of the positions of B and C with respect to A4,
we observe that we can get from B to C either by
passing along the straight line BC or by passing from
B to A and then from 4 to C. Hence -

BC = BA + AC

= AC + B4 since the order of addition is indifferent
= AC — AB since AB is equal and opposite to BA4.

Or the vector BC, which expresses the position of C
with respect to B, is found by subtracting the vector of
B from the vector of C, these vectors being drawn to
B and C respectively from any common origin 4.

12. ORIGIN OF VECTORS

The positions of any number of particles belonging
to a material system may be defined by means of the
vectors drawn to each of these partickes from some one
point. This point is called the origin of the vectors,
or, more briefly, the Origin. .

This system of vectors determines the configura-
tion of the whole system; for if we wish to know
the position of any point B with respect to any other
point 4, it may be found from the vectors O4 and OB
by the equation

AB = OB — OA.
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We may cnoose any point whatever for the origin,
and there is for the present no reason why we should
choose one point rather than another. The configura-
tion” of the system—that is to say, the position of its
parts with respect to each other—remains the same,
whatever point be chosen as origin. Many inquiries,
however, are simplified by a proper selection of the
origin.
13. RELATIVE PosITiON OF Two SYSTEMS

If the configurations of two different systems are
known, each system having its own
origin, and if we then wish to include F
" both systems in a larger system,
having, say, the sarhe origin as the )
first of the two systems, we must O° _ -0
ascertain the position of the origin of & %
the second system with respect to that of the first, and
we must be able to draw lines in the second system
parallel to those in the first.

Then by Article g the position of a point P of the
second system, with respect to the first origin, O, is
represented by the sum of the vector O'P of that point
with respect to the second origin, O’, and the vector OO’
of the second origin, O’, with respect to the first, O.

14. THREE DATA FOR THE COMPARISON OF ~
Two SYSTEMS N

We have an instance of this formation of a large
system out of two or more smaller systems, when two
neighbouring nations, having each surveyed and
mapped its own territory, agree to connect their sur-
veys so as to include both countries in one system.
For this purpose three things are necessary.

1st. A -comparison of the origin selected by the one
country with that selected by the other.

2nd. A comparison of the directions of reference
used in the two countries.
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3rd. A comparison of the standards of length used
in the two countries.

1. In civilised countries latitude is always reckoned
from the equator, but longitude is reckoned from an
arbitrary point, as Greenwich or Paris. Therefore,
to make the map of Britain fit that of France, we
must ascertain the difference of longitude between the
Observatory of Greenwich and that of Paris.

2. When a survey has been made without astro-
nomical instruments, the directions of reference have
sometimes been those given by the magnetic compass.
This was, I believe, the case in the original surveys of
some of the West India islands. The results of this
survey, though giving correctly the local configuration
of the island, could not be made to fit properly into a
general map of the world till the deviation of the
magnet from the true north at the time of the survey
was ascertained.

3- To compare the survey of France with that of
Britain, the metre, which is the French standard of
length, must be compared with the yard, which is the;
British standard of length. a

The yard is defined by Act of Parliament 18 and
19 Vict. c. 72, July 30, 1855, which enacts “that the
straight line or distance between the centres of the
transverse lines in the two gold plugs in the bronze
bar deposited in the office of the Exchequer shall
be the genuine standard yard at 62° F ahrenheit,
and if lost, it shall be replaced by means of its copies.”

The metre derives its authority from a law of the
French Republic in 1795. It is defined to be the
distance between the ends of a certain rod of platinum
made by Borda, the rod being at the temperature of
‘melting ice. It has been found by the measurements
of Captain Clarke that the metre is equal to 39:37043
Bratish inches.
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15. ON THE IDEA OF SPACE*

We have now gone through most of the things to be
attended to with respect to the configuration of a
material system. There remain, however, a few points
relating to the metaphysics of the subject, which have a
very important bearing on physics.

We have described the method of combining several
configurations into one system which includes them all.
In this way we add to the small region which we can
explore by stretching our limbs the more distant regions
which we can reach by walking or by being carried.
To these we add those of which we learn by the reports
of others, and those inaccessible regions whose positions
we ascertain only by a process of calculation, till at last
we recognise that every place has a definite position
with respect to every other place, whether the one
place is accessible from the other or not.

Thus from measurements made on the earth’s surface
we deduce the position of the centre of the earth relative
to known objects, and we calculate the number of
cubic miles in the earth’s volume quite independently
of any hypothesis as to what may exist at the centre of
the earth, or in any other place beneath that thin layer
of the crust of-the earth which alone we can directly
explore.

16. ERROR OF DESCARTES

It appears, then, that the distance between one thing
and another does not depend on any material thing
between them, as Descartes seems to assert when he
says (Princip. Phil., II. 18) that if that which is in a
hollow vessel were taken out of it without anything

* Following Newton’s method of exposition in the Principia,
a space is assumed and a flux of time is assumed, forming together
a framework into which the dynamical explanation of phenomena
is set. Itis part of the problem of physical astronomy to test this
assumption, and to determine this frame with increasing precision.
Its philosophical basis can be regarded as a different subject, to
which the recent discussions on relativity as regards space and
.time would be attached. See Appendix I.
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entering to fill its place, the sides of the vessel, having
nothing between them, would be in contact.

This assertion is grounded on the dogma of Des-
cartes, that the extension in length, breadth, and depth
which constitute space is the sole essential property of
matter. ‘““The nature of matter,” he tells us, “or of
body considered generally, does not consist in a thing
being hard, or heavy, or coloured, but only in .its
being extended in length, breadth, and depth” (Princip.,
I1. 4). By thus confounding the properties of matter-
with those of space, he arrives at the logical conclusion
that if the matter within a vessel could be entirely
removed, the space within the vessel would no longer
exist. In fact he assumes that all space must be always
full of matter.

I have referred to this opinion of Descartes in order -
to show the importance of sound views in elementary
dynamics. The primary property of matter was in-
deed distinctly announced by Descartes in what he
calls the “First Law of Nature” (Princip., II. 37):
“That every individual thing, so far as in it lies, per-
severes in the same state, whether of motion or of rest.”’*

We shall see when we come to Newton’s laws of
motion that in the words “‘so far as in it lies,” pro-
perly understood, is to be found the true primary
definition of matter, and the true measure of its quantity.
Descartes, however, never attained to a full under-
standing of his own words (quantum in se est), and so
fell back on his original confusion of matter with space
—space being, according to him, the only form of
substance, and all existing things but affections of space.
This errort runs through every part of Descartes’ great
work, and it forms one of the ultimate foundations of
the system of Spinoza. I shall not attempt to trace
it down to more modern times, but I would advise

~ * Compare the idea of Least Action: Appendix 1.
"~ 1 Some recent forms of relativity have come back to his idcas,%
Ci. p. 140.














































































































































































































































































































































































































































































